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1. Introduction 

Broadly speaking, the aim of this work is to describe "how to do ring theory" within monoidal 
categories that arise as localisations of categories of modules over certain rings. A reader look- 
ing for forerunners of our themes would be drawn inevitably to Gabriel's "Des categories abeli- 
ennes" [8], and might even conclude that Gabriel's memoir must have been the main instigation 
for the present article. In truth, the initial motivation is to be found elsewhere, namely in the 
want of adequately documented foundations for the method of almost etale extensions that un- 
derpins Fairings' approach to p-adic Hodge theory as presented in [6]. However, as is often the 
case with healthy offsprings, our subject matter has eventually resolved to venture beyond its 
original boundaries and pursue an autonomous existence. 

In any case, we are glad to report that our paper remains true to its first vocation, which is 
to serve as a comprehensive reference, paving the way to deeper aspects of almost etale theory, 
especially to the difficult purity theorem of [6]. The notions of almost unramified and almost 
etale morphism are defined and their main properties are established, including the analogues of 
the classical lifting theorems over nilpotent extensions, and invariance under Frobenius. Also, 
to any almost finitely presented almost flat morphism we attach an almost trace form, and we 
characterize almost etale morphisms in terms of this form. Finally, we study some cases of 
non-flat descent for almost etale maps. 



A preliminary version of this manuscript was prepared in 1997, while the second author was supported by the 
IHES. 
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Actually, our terminology is slightly different, in that we replace usual modules and algebras 
by their "almost" counterparts, which live in the category of almost modules, a localisation of 
the category of modules. So for instance, instead of almost etale morphisms of algebras, we 
have etale morphisms of almost algebras. 

The categories of almost modules (or almost algebras) and of usual modules (resp. algebras) 
are linked in manifold ways. First of all we have of course the localisation functor. Then, as it 
had already been observed by Gabriel, there is a right adjoint to localisation. Furthermore, we 
show that there is a left adjoint as well, that, to our knowledge, has not been exploited before, in 
spite of its several useful qualities which will establish it quickly as one of our main tools. The 
ensemble of localisation and right, left adjoints exhibits some remarkable exactness properties, 
that are typically associated to open imbeddings of topoi, all of which seems to suggest the 
existence of some deeper geometric structure, still to be unearthed. We may have encountered 
here an instance of a general principle, apparently evoked first by Deligne, according to which 
one should try to do algebraic geometry on arbitrary abelian tensor categories (notice though, 
that our categories are more general than the tannakian categories of [4]). 

A large part of the paper is devoted to the construction and study of the almost version of 
Illusie's cotangent complex, on which we base our deformation theory for almost algebras. 
Fairings' original method was based on Hochschild cohomology rather than the cotangent com- 
plex. While Fairings' approach has the advantage of being more explicit and elementary, it 
also has the drawback of involving a very large number of long and tedious manipulations with 
cocycles, and requires a painstaking tracking of the "epsilon book-keeping". The method pre- 
sented here avoids (or at least removes from view!) these problems, and also leads to more 
general results (especially, we can drop all finiteness assumptions from the statements of the 
lifting theorems). 

Though we have strived throughout for the widest generality, in a few places one could have 
gone even further : for instance it would have been possible to globalise all definitions and most 
results to arbitrary schemes. However, the extension to schemes is completely straightforward, 
and in practice seems to be scarcely useful. Similarly, there is currently not much incentive to 
study a notion of "almost smooth morphism". 

2. HOMOLOGICAL THEORY 

2.1. Some ring-theoretic preliminaries. Unless otherwise stated, every ring is commutative 
with unit. Our basic setup consists of a fixed base ring V containing an ideal m such that 
m 2 = m. Starting from section 2.4, we will also assume that m = m ®y m is a flat V-module. 

Example 2.1.1. i) The main example is given by a non-discrete valuation ring V with valuation 
v : V — {0} — > T of rank one (where T is the totally ordered abelian group of values of v). 
Then we can take m = {0} U {x e V - {0} | u(x) > v(l)}. 

ii) Suppose that m — V. This is the "classical limit". In this case almost ring theory reduces 
to usual ring theory. Thus, all the discussion that follows specialises to, and sometimes gives 
alternative proofs for, statements about rings and their modules. 

We define a uniform structure on the set j^of ideals of V as follows. For every finitely 
generated ideal m C m the subset of J x J given by {(/, J) ] rtio • J C / and m ■ / C J} is 
an entourage for the uniform structure, and the subsets of this kind form a fundamental system 
of entourages (cp. [3] Ch.II §1). The uniform structure induces a topology on j^and moreover 
the notion of convergent (resp. Cauchy) sequence of ideals is well defined. We will also need 
a notion of "Cauchy product" : let n^Lo be a f° rma l infinite product of ideals. We say that 
the formal product satisfies the Cauchy condition (or briefly : is a Cauchy product) if, for every 
neighborhood WofVe J There exists n > such that [j^ I m e ^for all n > n and all 
l> > 0. 
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Remark 2.1.2. Suppose that J C J\ C ... is an increasing infinite sequence of ideals of / such 
that lim J k = V (convergence for the above uniform structure on J). Then one checks easily 

that U^L m • J k = m. 

Let M be a given ^-module. We say that M is almost zero if m • M — 0. A map of 
^-modules is an almost isomorphism if both Ker(0) and Coker(0) are almost zero V-modules. 

Remark 2.1.3. (i) It is easy to check that a V-module M is almost zero if and only if twgy M = 

0. Similarly, a map M — > N of ^-modules is an almost isomorphism if and only if the induced 
map m <S>v M — > m Cgy N is an isomorphism. Notice also that, if m is flat, then m ~ m. 

(ii) Let V — > W be a ring homomorphism. For a V-module M set M w = W ®y M. We 
have an exact sequence 

(2.1.4) 0^K^m w ^m-W^0 

where K = Tor^fV/m, W) is an almost zero W^-module. By (i) it follows that m ®v K ~ 
(m • W) ®w K ~ 0. Then, applying mw ®w — and — ®w (tn ■ W) to (2.1.4) we derive 

m w ® w % — tn w 0^ (m • W) ~ (m • W) ® w (m • W) 

1. e. xhw — (tn • WJ. In particular, if m is a flat V-module, then rhw is a flat W^-module. This 
means that our basic assumptions on the pair (V, m) are stable under arbitrary base extension. 
Notice that the flatness of m does not imply the flatness ofm-W. This partly explains why we 
insist that m, rather than m, be flat. 

Before moving on, we want to analyze in some detail how our basic assumptions relate to 
certain other natural conditions that can be postulated on the pair (V, m). Indeed, let us consider 
the following two hypotheses : 

(A) m = m 2 and m is a filtered colimit of principal ideals. 

(B) m = m 2 and, for all integers k > 1, the A;-th powers of elements of m generate m. 
Clearly (A) implies (B). Less obvious is the following result. 

Proposition 2.1.5. (i) (A) implies that m is flat, 
(ii) Ifm is flat then (B) holds. 

Proof. Suppose that (A) holds, so that m = colim Vx a , where I is a directed set parametrizing 
elements x a e m (and a < (3 Vx a C Vxp). For any a G I we have natural isomorphisms 
(2.1.6) Vx a ~ V/Ann v (x a ) ~ (Vx a ) ® v (Vx a ). 

For a < P, let j a/3 : Vx a <^-> Vxp be the imbedding; we have a commutative diagram 

V V 

77/3 

(Vx a ) ® y (Vx a ) Ja ^ Jap > (Vxp) ® v (Vxp) 

where z £ V is such that x a = z-xp, p, z i is multiplication by z 2 and n a is the projection induced 
by (2.1.6) (and similarly for itp). Since m = m 2 , for all a E I we can find (3 such that x a is a 
multiple of x\. Say x a = y ■ x 2 ^; then we can take z = y ■ xp, so z 2 is a multiple of x a and in the 
above diagram Ker(7r a ) C Ker(/x 2 2). Hence one can define a map X a p : (Vx a ) ®y (Vx a ) — > V 
such that np o \ a/3 = j a p ® j a/3 and A a/3 o 7r Q = p, z i. It now follows that for every ^/-module 
N, the induced morphism Tor^iV, (Vx a ) <gy (Vx a )) -> Tor^(7V, (Va^) ®y (^/j)) is the 
zero map. Taking the colimit we derive that m is flat. This shows (i). In order to show (ii) we 
consider, for any prime number p, the following condition 
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(* p ) m/p ■ m is generated (as a V-module) by the p-th powers of its elements. 

Clearly (B) implies (* p ) for all p. In fact we have : 
Claim 2. 1 .7. (B) holds if and only if (* p ) holds for every prime p. 
Proof of the claim: Suppose that (* p ) holds for every prime p. The polarization identity 



£ (-i> M ' L fo 

{i,2,...,fc} Vie/ 



A;!-x 1 -x 2 -...-x fe = > I > xi 

JC{1 



shows that if iV = XLem ^ men ^ ■ ^ C iV. To prove that TV = m it then suffices to show 
that for every prime p dividing k\ we have m = p ■ m + N. Let : V/p ■ V — > V/p • V be the 
Frobenius (x i— > x p ); we can denote by (V/p ■ V)* the ring V/p ■ V seen as a V/p ■ V-algebra 
via the homomorphism (f). Also set 4>*M = M <S>v/ P -v {V/p ■ V)^ for a V/p • V-module M. 
Then the map 0*(m/p • m) — > (m/p • m) (defined by raising to p-th power) is surjective by (* p ). 
Hence so is (0 r )*(m/p • m) — > (m/p ■ m) for every r > 0, which says that m = p • m + N when 
k = p r , hence for every /c. 

Next recall (see [11] Exp. XVII 5.5.2) that, if M is a V-module, the module of symmetric 
tensors TS k (M) is defined as (®yM) Sk , the invariants under the natural action of the symmetric 
group Sk on ®yM. We have a natural map Y k (M) — > TS fe (M) that is an isomorphism when M 
is flat (see loc. cit. 5.5.2.5; here T k denotes the /c-th graded piece of the divided power algebra). 

Claim 2.1.8. The group Sk acts trivially on ® v va. and the map m<gym — > m (x<g)y<g);z h- > x®yz) 
is an isomorphism. 

Proof of the claim: The first statement is reduced to the case of transpositions and to A; = 2. 
There we can compute : x ® yz = xy ® z = y ® xz = yz ® x. For the second statement note 
that the imbedding m ^ V is an almost isomorphism, and apply remark 2.1.3(i). 

Suppose now that m is flat and pick a prime p. Then S p acts trivially on ®^m. Hence 

(2.1.9) r p (m) ~ ® p v m ~ m. 

But r p (m) is spanned as a V-module by the products 7i 1 (xi) • ... • 7i fe (x fe ) (where i, G S and 
= P)- Under the isomorphism (2. 1.9) these elements map to p ) -x^ 1 -x^; but such 
an element vanishes in m/p • m unless i fc = p for some /c. Therefore m/p • m is generated by 
p-th powers, so the same is true for m/p • m, and by the above, (B) holds, which shows (ii). □ 

Proposition 2.1.10. Suppose that m is countably generated as a V-module. Then we have : 

i) m is countably presented as a V-module; 

ii) if in is aflat V-module, then it is of homological dimension < 1. 

Proof. Let (ei) ie i be a countable generating family of m. Then <g> Ej generate m and e% ■ £j ■ 
(ek <8> ei) = £fc • £/ • (ei ® Ej) for all i, j, k,l E I. For every i £ I, we can write £j = ^ . Xjj£j, for 
certain x^ G m. Let F be the V-module defined by generators (eij)ij e j, subject to the relations: 

Ei ■ Ej ■ e k i = Ek- Ei - eij e ik = ^2 x ij e jk for all i, j, k,l E I. 

j 

We get an epimorphism n : F — > m by i— > £j<8)£j . The relations imply that, if x — ; y^/ G 
Ker(7r), then • Ej ■ x — 0, so m • Ker(7r) = 0. Whence m ® v Ker(7r) = and l m ®y ir is an 
isomorphism. We consider the diagram 

m <gy F — ^ m ®y m 
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where <p and ip are induced by scalar multiplication. We already know that ip is an isomorphism, 
and since F = m • F, we see that is an epimorphism, so n is an isomorphism, which shows 
(i). Now (ii) follows from (i), since it is well-known that a flat countably presented module is of 
homological dimension < 1 (see [16] (Ch.I, Th.3.2) and the discussion in [19] pp. 49-50). □ 

2.2. Almost categories. If ^ is a category, and X, Y two objects of % we will usually denote 
by Hom<^(X, F) the set of morphisms in & from X to Y and by lx the identity morphism of 
X. Moreover we denote by ^° the opposite category of tfand by s.^the category of simplicial 
objects over % that is, functors A° — > % where A is the category whose objects are the ordered 
sets [n] = {0, ...,n} for each integer n > and where a morphism : \p] — > [q] is a non- 
decreasing map. A morphism / : X — > F in s.'g'is a sequence of morphisms /[„] : X[n\ — > 
F[n], n > such that the obvious diagrams commute. We can imbed ^in s.^by sending each 
object X to the "constant" object s.X such that s.X[n] = X for all n > and s.X[0] = l x for 
all morphisms in A. 

If tfis an abelian category, D(^) will denote the derived category of c €. As usual we have 
also the full subcategories D + (V), D~(V) of complexes of objects of ^that are exact for suf- 
ficiently large negative (resp. positive) degree. If R is a ring, the category of P-modules 
(resp. P-algebras) will be denoted by P-Mod (resp. P-Alg). Most of the times we will 
write Hom R (M, N) instead of Hom R . Mod (M, N). 

We denote by Set the category of sets. The symbol N denotes the set of non-negative inte- 
gers; in particular G N. 

The full subcategory E of V-Mod consisting of all V-modules that are almost isomorphic 
to is clearly a Serre subcategory and hence we can form the quotient category V-Mod/£. 
There is a localization functor 

V-Mod -> V-Mod/£ M ^ M a 

that takes a V-module M to the same module, seen as an object of V-Mod/£. In particular, 
we have the object V a associated to V; it seems therefore natural to use the notation V a -Mod 
for the category V-Mod/£, and an object of V a -Mod will be indifferently referred to as "a 
V a -module" or "an almost V-module". In case we need to stress the dependance on the ideal 
m, we can write (V, m) a -Mod. 

Since the almost isomorphisms form a multiplicative system (see e.g. [22] Exerc. 10.3.2), it 
is possible to describe the morphisms in V a -Mod via a calculus of fractions, as follows. Let 
V-al.Iso be the category that has the same objects as V-Mod, but such that Homy. a i.i so (M, N) 
consists of all almost isomorphisms M — > N. If M is any object of V-al.Iso we write 
(V-al.Iso/M) for the category of objects of V-al.Iso over M (i.e. morphisms : X — > M). 
If fa : Xi — > M (i — 1,2) are two objects of (V-al.Iso/M) then Hom(y. a i. Iso / A f)(0i, fa) 
consists of all morphisms -0 : Xi — > X 2 in V-al.Iso such that fa = fa o ip. For any two 
V-modules M, A" we define a functor & N : (V-al.Iso/M)° — > V-Mod by associating to an 
object : P — > M the V-module Homy(P, JV) and to a morphism a : P — > Q the map 
Hom y (Q, N) -> Hom y (P, AT) : (3 ^ (3 o a. Then we have 

(2.2.1) Hom V a. M od(Af a , N a ) = colim 

(V-al.Iso/Af)° 

However, formula (2.2.1) can be simplified considerably, by remarking that, for any V-module 
M, the natural morphism m ®y M — > M is an initial object of (V-al.Iso/M). Indeed, let 
: A" — > M be an almost isomorphism; the diagram 

m%JV — ^ m <S>v M 
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(cp. remark 2.1.3(i)) allows one to define a moronism ip : m £g>y M — > N over M. We 
need to show that ip is unique. But if ipi,ip2 '■ m ®v M ^ N are two maps over M, then 
Im(^! — ■0 2 ) C Ker(0) is almost zero, hence Im(^ 1 —^2) = 0, since m <8>y M = TO- (in®yM). 
Consequently, (2.2.1) boils down to 

(2.2.2) Hom y a. Mod (M a , iV a ) = Hom v (m (gy M, N). 

In particular Homya. Mod (M, JV) has a natural structure of V-module for any two ^"-modules 
M, N, i.e. Hom^.Mod(-, — ) is a bifunctor that takes values in the category V-Mod. 

One checks easily (for instance using (2.2.2)) that the usual tensor product induces a bifunctor 
— <8y — on almost ^-modules, which, in the jargon of [4] makes of V a -M_od an abelian tensor 
category. Then an almost V -algebra is just a commutative unitary monoid in the tensor category 
V a -M_od. Let us recall what this means. Quite generally, let (% ®, U) be any abelian tensor 
category, so that ® : ^ x ^ — > <g is a biadditive functor, U is the identity object of (see 
[4] p. 105) and for any two objects M and N in ?we have a "commutativity constraint" (z'.e. 
a functorial isomorphism t7m|at : M ® N ^ N ® M that "switches the two factors") and a 
functorial isomorphism z/m : U ® M — > M. Then a "^-monoid A is an object of "if endowed with 
a morphism ^ : A <g> A — > A (the "multiplication" of A) satisfying the associativity condition 

fJ>A ° (1a ® Au) = A*a (a* a ® 1a)- 

We say that A is unitary if additionally A is endowed with a "unit morphism" 1 A :U^A 
satisfying the (left and right) unit property : 

Ha ° (1 A ® 1a) = ^a A*a (Ia ® 1a) °Va\u = Ha° (1a ® Ia)- 

Finally A is commutative if /ia = ^a ^a|a (to be rigorous, in all of the above one should 
indicate the associativity constraints, which we have omitted : see [4]). A commutative unitary 
monoid will also be simply called an algebra. With the morphisms defined in the obvious 
way, the 'g'-monoids form a category; furthermore, given a c i- monoid A, a left A-module is an 
object M of "^endowed with a morphism a M : A M — > M such that a M 0(1^4® a M ) = 
cm (a* a ® 1m)- Similarly one defines right A-modules and A-bimodules. In the case of 
bimodules we have left and right morphisms om,i '■ A®M — > M, a M , r '■ M <g> A — > M and one 
imposes that they "commute", z.e. that 

&M,r (ffM,i ® Ia) = o M ,i (Ia ® o M ,r)- 

Clearly the (left resp. right) A-modules (and the A-bimodules) form an additive category with 
A-linear morphisms defined as one expects. One defines the notion of a submodule as an 
equivalence class of monomorphisms N — > M such that the composition A N — > A <g) 
M — > M factors through N. Now, if / : M — > iV is a morphism of left A-modules, then 
Ker(/) exists in the underlying abelian category "^and one checks easily that it has a unique 
structure of left A-module which makes it a submodule of M. If moreover £g> is right exact 
when either argument is fixed, then also Coker(/) has a unique A-module structure for which 
N — > Coker(/) is A-linear. In this case the category of left A-modules is abelian. Similarly, if 
A is a unitary "^-monoid, then one defines the notion of unitary left A-module by requiring that 
a M (Ia ® 1m) = % and these form an abelian category when <g> is right exact. 

Specialising to our case we obtain the category V a -A\g of almost V^-algebras and, for every 
almost V -algebra A, the category A-Mod of unitary left A-modules. Clearly the localization 
functor restricts to a functor V-Alg — > V a - Alg and for any ^-algebra R we have a localization 
functor i?-Mod -> i? a -Mod. 

Next, if A is an almost V-algebra, we can define the category A- Alg of A-algebras. It 
consists of all the morphisms A — > B of almost V-algebras. 

Let again (% <g>, U) be any abelian tensor category. By [4] p. 119, the endomorphism ring 
End^/J) of U is commutative. For any object M of % denote M* = Hom<^(/7, M); then M h-> 
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M* defines a functor — > End^(£/)-Mod. Moreover, if A is a ^-monoid, A* is an associative 
End<^([/)- algebra, with multiplication given as follows. For a, 6 G A* leta-6 = / u^o(a®6)oz/~ 1 . 
Similarly, if M is an A-module, M* is an A*-module in a natural way, and in this way we obtain 
a functor from A-modules and A-linear morphisms to A*-modules and A*-linear maps. Using 
[4] (Prop. 1.3), one can also check that End<^(f/) = U* as End<g?(£/)-algebras, where U is 
viewed as a "^-monoid using vjj. 

All this applies especially to our categories of almost modules and almost algebras : in this 
case we call M i— > M* the functor of almost elements. So, if M is an almost module, an almost 
element of M is just an honest element of M*. Using (2.2.2) one can show easily that for every 
V-module M the natural map M — > (M°)» is an almost isomorphism. 

Let A be an almost V-algebra. For any two A-modules M, N, the set Homi.Mod(^, N) has 
a natural structure of A* -module and we obtain an internal Horn functor by letting 

alHom A (M, N) = Hom A . Mo d(M, N) a . 

This is the functor of almost homomorphisms from M to N. 

For any A-module M we have also a functor of tensor product M <8u — on A-modules 
which, in view of the following proposition 2.2.4 can be shown to be a left adjoint to the functor 
alHom^M, — ). It can be defined as M <8u N = (M* jV*)° but an appropriate almost 
version of the usual construction would also work. 

With this tensor product, A-Mod is an abelian tensor category as well, and A-Alg could 
also be described as the category of (A-Mod)-algebras. Under this equivalence, a morphism 
4> : A — > B of almost V-algebras becomes the unit morphism 1 B : A — > £? of the corresponding 
monoid. We will sometimes drop the subscript and write simply 1. 

Remark 2.2.3. Let V — > be a map of base rings, taken with the extended ideal m • W. 
Then W a is an almost V-algebra so we have defined the category W^ a -Mod using base ring V 
and the category (W, m • W^) a -Mod using base W. One shows easily that they are equivalent: 
we have an obvious functor (W, m- W) a -M.od — > W^ a -Mod and an essential inverse is provided 
byMi-> M*. Similar base comparison statements hold for the categories of almost algebras. 

Proposition 2.2.4. i) There is a natural isomorphism A ~ A" of almost V -algebras. 

ii) Let R be any V -algebra. Then the functor M \— > M* /rom i? a -Mod to i?-Mod (rasp, 
/rom i? a -Alg to i?-AlgJ is rig/i? adjoint to the localization functor i?-Mod — > i? a -Mod (resp. 
R-A\g -> i? a -Alg). 

hi) 77ie counit of the adjunction Ml ^ M is a natural isomorphism from the composition of 
the two functors to the identity functor l^.Mod {resp. 1-A-Aig)- 

Proof, (i) has already been remarked. We show (ii). In light of remark 2.2.3 (applied with 
W = R) we can assume that V — R. Let M be a V-module and N an almost V-module; we 
have natural bijections 

Hom y a. Mod (M a , N) ~ Hom y a. Mod (M a , (iV*) a ) ~ Hom y (m ® y M, TV*) 

~ Hom y (M, Hom y (m, iV*)) ~ Hom y (M, Hom V a. Mod {V, (N.)°)) 
~Hom y (M,7V*) 

which proves (ii). Now (iii) follows by inspecting the proof of (ii), or by [8] (ch.III Prop. 3). □ 

Remark 2.2.5. The existence of the right adjoint follows also directly from [8] (chap.III §3 
Cor.l or chap.V §2). 

Corollary 2.2.6. The functor M \— > M^from _R a -Mod to i?-Mod sends injectives to injectives 
and injective envelopes to injective envelopes. 

Proof. The functor M i— > M, is right adjoint to an exact functor, hence it preserves injectives. 
Now, let J be an injective envelope of M; to show that J* is an injective envelope of M*, it 
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suffices to show that J* is an essential extension of M*. However, if iV C J* and N fl M* = 0, 
then iV" fl M = 0, hence m ■ N = 0, but J* does not contain m-torsion, thus N = 0. □ 

Corollary 2.2.7. 77ze categories A-Mod and A- Alg are both complete and cocomplete. 

Proof. We recall that the categories A^-Mod and A*-Alg are both complete and cocomplete. 
Now let / be any small indexing category and M : I — > A-Mod be any functor. Denote by 
M. : / • A*-Mod the composed functor % i— > M(i) # . We claim that colim M = (colim M*) a . 

The proof is an easy application of proposition 2.2.4(iii). A similar argument also works for 
limits and for the category A- Alg. □ 

Note that the essential image of M \— > M* is closed under limits. Next recall that the forgetful 
functor A*- Alg — > Set (resp. A*-Mod — > Set) has a left adjoint ] : Set — > A*-Alg 
(resp. A<~) : Set — > A*-Mod) that assigns to a set S the free A*-algebra A*[S] (resp. the 
free A* -module A^) generated by S. If S is any set, it is natural to write A[S] (resp. A^) for 
the A-algebra (A[-S , ])° (resp. for the A-module (A[ s) ) a . This yields a left adjoint, called the 
free A-algebra functor Set — > A-Alg (resp. the free A-module functor Set — > A-Mod) to the 
"forgetful" functor A- Alg -> Set (resp. A-Mod -> Set) B ^ B*. 

Now let i? be any V-algebra; we want to construct a left adjoint to the localisation functor 
i?-Mod -> iT-Mod. For a given /^-module M, let 

(2.2.8) M, = m©y(M*). 

We have the natural map (unit of adjunction) R — > i?", so that we can view M\ as an i?-module. 

Proposition 2.2.9. i) The functor i? a -Mod — > i?-Mod defined by (2.2.8) w /e/if adjoint to 
localisation. 

ii) The unit of the adjunction M — > M" w a natural isomorphism from the identity functor 
l/? a -Mod to composition of the two functors. 

Proof, (i) follows easily from (2.2.2) and (ii) follows easily from (i). □ 

Corollary 2.2.10. Suppose that m w a^Za? V -module. Then we have : 

i) the functor Mh->M w exact; 

ii) the localisation functor i?-Mod — > i? a -Mod sends injectives to injectives. 

Proof. By proposition 2.2.9 it follows that M \— > M is right exact. To show that it is also left 
exact when m is a flat V-module, it suffices to remark that M i— > M* is left exact. Now, by (i), 
the functor M i— > M a is right adjoint to an exact functor, so (ii) is clear. □ 

Next, let B be any A-algebra. The multiplication on B* is inherited by B\, which is therefore 
a non-unital ring in a natural way. We endow the ^-module V © B\ with the ring structure 
determined by the rule: (v, b) ■ (v', b') = (v • v\ v • b' + v' • b + b • b') for all v, v ' E V and 
b, b' e B\. Then V © B\ is a (unital) ring. Let pL m : m — > m be the map defined by rr © y i— > rry 
for all x, y € m; we notice that the subset of all elements of the form (/i(s), — s <E> 1) (for 
arbitrary s e m) forms an ideal / of V © Bi. Set Z?n = (V © B\)/I. Thus we have a sequence 
of ^-modules 

(2.2.11) -> m-> V ©£, -> B„ -> 

which in general is only right exact. 

Definition 2.2.12. We say that B is an exact A-algebra if the sequence (2.2.11) is exact. 

Remark 2.2.13. Notice that if m ^ m (e.g. when m is flat), then all A-algebras are exact. 
In the general case, if B is any A-algebra, then V a x B is always exact. Indeed, we have 
(V a x £)„ ~ V? x and, by remark 2.1.3(i), m <S>v V? ~ fn. 
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Clearly we have a natural isomorphism B ~ B„. 

Proposition 2.2.14. The functor B \— > £?n is left adjoint to the localisation functor An-Alg — > 
A-Alg. 

Proof Let £? be an A-algebra, C an An-algebra and : — > C a a morphism of A-algebras. 
By proposition 2.2.9 we obtain a natural A*-linear morphism B\ — > C. Together with the 
structure morphism V — > C this yields a map : V © -S — > C which is easily seen to be a 
ring homomorphism. It is equally clear that the ideal / defined above is mapped to zero by 0, 
hence the latter factors through a map of An-algebras Bu — > C. Conversely, such a map induces 
a morhism of A-algebras B — > C a just by taking localisation. It is easy to check that the two 
procedures are inverse to each other, which shows the assertion. □ 

Remark 2.2.15. The functor of almost elements commutes with arbitrary limits, because all 
right adjoints do. It does not in general commute with colimits, not even with arbitrary infinite 
direct sums. Dually, the functors M i— > M and B h Bn commute with all colimits. In 
particular, the latter commutes with tensor products. 

2.3. Almost homological algebra. In this section we fix an almost ^-algebra A and we con- 
sider various constructions in the category of A-modules. 

Remark 2.3.1. i) Let Mi, M 2 be two A-modules. By proposition 2.2.4 it is clear that a mor- 
phism : Mi — > M 2 of A-modules is uniquely determined by the induced morphism Mi* — > 

M 2 *. 

ii) It is a bit tricky to deal with preimages of almost elements under morphisms: for instance, 
if : Mi — > M 2 is an epimorphism (by which we mean that Coker(0) ~ 0) and m 2 E M 2 *, then 
it is not true in general that we can find an almost element m 1 E M u such that 0*( m i) = m i- 
What remains true is that for arbitrary e E m we can find m x such that 0*(mi) = e ■ m 2 . 

The abelian category A- Mod satisfies axiom (AB5) (see e.g. [22] (§A.4)) and it has a gen- 
erator, namely the object A itself. It then follows by a general result that A-Mod has enough 
injectives. By corollary 2.2.7 any inverse system {M„ | n E N} of A-modules has an (inverse) 
limit lim M. As usual, we denote by lim 1 the right derived functor of the inverse limit functor. 

Notice that [22] (Cor. 3.5.4) holds in the almost case since axiom (AB4*) holds in A-Mod (on 
the other hand, it is not clear whether [22] (Lemma 3.5.3) holds under (AB4*), since the proof 
uses elements). 

Lemma 2.3.2. Let {M n ; <j> n : M n -> M n+1 | n E N} (resp. {N n ; ^« : N n+1 -> N n \ n E N}) 
be a direct (resp. inverse) system of A-modules and morphisms and {e n \ n E N} a sequence of 
ideals ofV converging to V (for the uniform structure introduced in section 2.1). 

i) Ife n -M n = Ofor alln G N then colim M n ~ 0. 

ii) Ife n -N n = Ofor alln G N then lim N n ~ ~ lim 1 N n . 

neN neN 

///J 7/ , £ n • Coker (ip n ) = Ofor all n G N anJ n^=o e i 25 a Cauchy product, then lim 1 A^„ ~ 0. 
Proo/ (i) and (ii) : we remark only that lim 1 N n ~ lim 1 N n+p for all p E N and leave the 

rtgN neN 

details to the reader. We prove (iii). From [22] (Cor. 3.5.4) it follows easily that (lim 1 N n A a ~ 
lim 1 A^„. It then suffices to show that lim 1 N n:¥ is almost zero. We have e 2 n ■ Coker (t/v) = 

neN neN 

and the product n^Lo( e j) ^ s a g am a Cauchy product. Next let N' n = ^\ p>0 lm(N n+pif — > A^*). 
If ^n = flr,>o( £ « ' £ n+i • - " ^n+p) 2 then J n • A^* C N' and lim J n = V. In view of (ii), 
lim 1 N n */N' is almost zero, hence we reduce to showing that lim is almost zero. But 

neN neN 

J n+p+q ■ N' n C Im(N' n+p+q O C Im(iV: +p ^ <) 
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for all n,p, q G N. On the other hand, by remark 2.1.2 we get (J^lo m ' Jn+ P + q = tn, hence 
m-A^ c Im(A^ +p -> N' n ) and finally m-N' n = m 2 -N' n c Im(m-A^ +J3 -> m-A^) which means 
that {m • N' n } is a surjective inverse system, so its lim 1 vanishes and the result follows. □ 

Example 2.3.3. Let (V, m) be as in example 2.1.1. Then every ideal in V is principal, so in the 
situation of the lemma we can write Ej = (xj) for some Xj G V. Then the hypothesis in (iii) 
can be stated by saying that there exists c G N such that Xj ^ for all j > c and the sequence 
n i— > YTj= c u ( x j) i s Cauchy in T. 

Definition 2.3.4. Let M be an A-module. 

i) We say that M is flat (resp. faithfully flat) if the functor N i— > M ®a N, from the category 
of A-modules to itself is exact (resp. exact and faithful). M is almost projective if the functor 
N i — y alHom A (M, N) is exact. 

ii) We say that M is finitely generated if there exists a positive integer n and an epimorphism 
A n — > M. We say that M is almost finitely generated if, for arbitrary e e m, there exists a 
finitely generated submodule M e C M such that . • .1/ c .1/ . 

iii) We say that M is almost finitely presented if, for arbitrary e, 5 E m there exist positive 

integers n = m = m(e) and a three term complex A m ^ A n ^ M with £-Coker(0 e ) = 
and 5 ■ Ker(0 £ ) C Im(^ e ). 

Proposition 2.3.5. (i) An A-module M is almost finitely generated if and only if for every 
finitely generated ideal mo C m there exists a finitely generated submodule M C M such 
that m ■ M C M . 

(ii) An A-module is almost finitely presented if and only if for every finitely generated ideal 
m C m there is a complex A m A n M with m • Coker(0) = and m ■ Ker(0) C Im(^). 

Proof, (i) is easy and we leave it to the reader. To prove (ii), take a finitely generated ideal 
mi C m such that m C m ■ mi, pick a morphism <p : A n — > M whose cokernel is annihilated 
by mi, and apply the following lemma 2.3.6. □ 

Lemma 2.3.6. If M is almost finitely presented and (f) : F — > M is a morphism with F ~ A n , 
then for every finitely generated ideal mi C m ■ Anny(Coker(0)) there is a finitely generated 
submodule o/Ker(0) containing mi • Ker(<f>). 

Proof. We need the following 

Claim 2.3.7. Let F\ be a finitely generated A-module and suppose that we are given a,b e V 
and a (not necessarily commutative) diagram 

F ± -^M 




F 2 



such that qo (p = a ■ p, p o ip = b ■ q. Let I C V be an ideal such that Ker(g) has a finitely 
generated submodule containing I ■ Ker(g). Then Ker(p) has a finitely generated submodule 
containing a - b ■ I ■ Ker(p). 

Proof of the claim: Let R be the submodule of Ker(g) given by the assumption. We have 
Im(ijjo(f)-a-b-l Fl ) C Ker(p) and ip(R) C Ker(p) . We take Ri = Im(^o0-a-6-l Fl )+^(i?). 
Clearly 0(Ker(p)) C Ker(g), so / • 0(Ker(p)) C R, hence / • tp o 0(Ker(p)) C V'(-R) and finally 
a-b - 1 ■ Ker(p) C i?i. 

Now, let 5 G Anny(Coker(0)) and £i,£2,£3,£4 G m. By assumption there is a complex 
^ i> ^ ^ m with £i • Coker(g) = 0, £ 2 • Ker(g) C Im(t). Letting Fi = F, F 2 = A s , 
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a = E\ ■ £ 3 , b = £ 4 • 5, one checks easily that if) and <fi can be given such that all the assumptions 
of the above claim are fulfilled. So, with / = e 2 ■ V we get that S\ ■ e 2 • £3 • £4 • 5 ■ Ker(</>) lies in 
a finitely generated submodule of Ker(0). But mi is contained in an ideal generated by finitely 
many such products e x • e 2 ■ £3 • £4 • 5. □ 

The following proposition generalises a well-known characterization of finitely presented 
modules over usual rings. 

Proposition 2.3.8. Let M be an A-module. 

i) M is almost finitely generated if and only if, for every filtered inductive system (N\, A/ J 
( indexed by a directed set A) the natural morphism 

v : colim alHom^ (M,N X ) -> alHom^ ( M, colim N\ ) 

A A 

is a monomorphism. 

ii) M is almost finitely presented if and only if for every filtered inductive sytem as above, v 
is an isomorphism. 

Proof. The "only if" part in (i) (resp. (ii)) is first checked when M is finitely generated (resp. 
finitely presented) and then extended to the general case. We leave the details to the reader and 
we proceed to verify the "if" part. For (i), choose a set / and an epimorphism p : — > M. 
Let A be the directed set of finite subsets of /, ordered by inclusion. For S E A, let M s = 
p(A s ). Then colim (M/M s ) = 0, so the assumption gives colim alHom A (M, M/M s ) = 0, 

A A 

i.e. colim Hom^ (M, M/Ms) = is almost zero, so, for every e E m, the image of e ■ 1 



A 



M 



in the above colimit is 0, i.e. there exists S E A such that e ■ M C M s , which proves the 
contention. For (ii), we present M as a filtered colimit colim Ma, where each M\ is finitely 

A 

presented (this can be done e.g. by taking such a presentation of the A*-module M* and applying 
N 1— > N a ). The assumption of (ii) gives that colim Hom^ ( M, M x ) — > Hom j4 (M, M) is an 

A 

almost isomorphism, hence, for every e E m there is A E A and <p e : M — > M A such that 
Pa e = ^ • 1m, where p A : M\ — > M is the natural morphism to the colimit. If such a e 
exists for A, then it exists for every p > A. Hence, if m C m is a finitely generated subideal, 
say m = Y^j men there exist A E A and 0j : M — > M A such that P\ ° 4>i = Ei ■ \ M for 
i = 1, Hence Im(0jop A — ej-l^J is contained in Ker(p A ) and contains £j-Ker(p A ). Hence 
Ker(p A ) has a finitely generated submodule L containing m • Ker(p A ). Choose a presentation 
A m — > A" A M A . Then one can lift m • L to a finitely generated submodule V of A n . Then 
Ker(7r) + V is a finitely generated submodule of Ker(p A o 7r) containing • Ker(p A o 7r). Since 
we also have m -Coker(p A on) = and m is arbitrary, the conclusion follows from proposition 
2.3.5. □ 

Lemma 2.3.9. Let — > M' — > M — > M" ^ be an exact sequence of A-modules. Then: 

i) If M', M" are almost finitely generated (resp. presented) then so is M. 

ii) If M is almost finitely presented, then M" is almost finitely presented if and only if M' is 
almost finitely generated. 

Proof. These facts can be deduced from proposition 2.3.8 and remark 2.3.11(iii), or proved 
directly. □ 

Lemma 2.3.10. Let P be one of the properties : "flat", "almost projective" , "almost finitely 
generated" , "almost finitely presented". If B is aP A-algebra, and M is aP B-module, then 
M is P as an A-module. 

Proof. Left to the reader. □ 
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Let R be a V-algebra and M a flat (resp. faithfully flat) i?-module (in the usual sense, see 
[18] p.45). Then M a is a flat (resp. faithfully flat) i? a -module. Indeed, the functor M ® R - 
preserves the Serre subcategory of almost zero modules, so by general facts it induces an exact 
functor on the localized categories (cp. [8] p. 369). For the faithfullness we have to show that 
an i?-module N is almost zero whenever M ®r N is almost zero. However, M ®_r N is almost 
zero M ® R (m® v N) =0 m ®y N = •<=>• N is almost zero. It is clear that A-Mod. 
has enough almost projective (resp. flat) objects. Let R be a V-algebra. The localisation 
functor induces a functor G : D(R) — > D(R a ) and, in view of corollary 2.2.10, M t— > M 
induces a functor F : D(R a ) — > D(R). We have a natural isomorphism G o F ~ 1d(R") 
and a natural transformation F o G — > 1d(r)- These satisfy the triangular identities of [17] 
(p. 83) so F is a left adjoint to G. If E denotes the multiplicative set of morphisms in D(R) 
which induce almost isomorphisms on the cohomology modules, then the localised category 
£ _1 D(.R) exists (see e.g. [22] (Th. 10.3.7)) and by the same argument we get an equivalence of 
categories E _1 D(i2) ~ D{R a ). 

Given an A-module M, we can derive the functors M C3u — (resp. alHom^M, — ), resp. 
alHomyi(— , M)) by taking flat (resp. injective, resp. almost projective) resolutions : one re- 
marks that bounded above exact complexes of flat (resp. almost projective) A-modules are 
acyclic for the functor M ®a — (resp. alHoiiu(— , M)) (recall the standard argument: if F. is a 
complex of flat A-modules, let $. be a flat resolution of M; then Tot(<3>. ® A F,) —> M ® A F. 
is a quasi-isomorphism since it is so on rows, and Tot($. ® A F,) is acyclic since its colums 
are; similarly, if P. is a complex of almost projective objects, one considers the double com- 
plex aiHorn^-P., J') where J' is an injective resolution of M; cp. [22] §2.7); then one uses 
the construction detailed in [22] (Th.10.5.9). We denote by Torf (M, -) (resp. alExt^M, -), 
resp. alExt^(— , M)) the corresponding derived functors. If A = R a for some V-algebra R, we 
obtain easily natural isomorphisms Torf (M, iV) a ~ Torf (M a , A^ a ) for all i?-modules M, N. A 
similar result holds for Ext^(M, N). 

Remark 2.3.11. i) Clearly, an A-module M is flat (resp. almost projective) if and only if 
Torf (M, N) = (resp. alExt^(M, N) = 0) for all A-modules N and all % > 0. 

ii) Let M, N be two flat (resp. almost projective) A-modules. Then M ®a is a flat (resp. 
almost projective) A-module and for any A-algebra B, the 5-module B ® A M is flat (resp. 
almost projective). 

iii) Resume the notation of proposition 2.3.8. If M is almost finitely presented, then one has 
also that the natural morphism colimalExt^(M, N\) — > alExt\(M, colimiVA) is a monomor- 

A A 

phism. This is deduced from proposition 2.3.8(ii), using the fact that (N\) can be injected into 
an inductive system ( J A ) of injective almost modules (e.g. J\ = E HomA ^ Nx ' E \ where E is an 
injective cogenerator for A-Mod), and by applying alExt sequences. 

Lemma 2.3.12. Let M be an almost finitely generated A-module. Consider the following prop- 
erties: 

i) M is almost projective. 

ii) For arbitrary e G m there exist n(e) G N and A-linear morphisms 

(2.3.13) M^^A n ^^-M 

such that v £ o u £ = e ■ 1m- 

iii) M is flat. 

Then ( i) ( ii) =3- ( iii). 

Proof. (ii)=Ki): for given e G m, we consider any A-module iV and we apply the functor 
alEx4(- iV) to (2.3.13) : 



alEx4(M,A0 



alEx4(A n ( £ ), N) ~ > alEx4(M, N) 
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which implies e ■ alExf (M, TV) = for alH > 0. Since e is arbitrary, (i) follows from remark 
2.3.11(i). 

(i) =Kii): by hypothesis, for arbitrary e E m we can find n = n(e) and a morphism £ : 
A n — > M such that £ • Coker(0 £ ) = 0. Let M £ be the image of (j> £ , so that £ factors as 

A<£) ^ M £ ^ M. Also . • V M : M ■ ■■ M factors as M ' ■ M • • M. Since by 
hypothesis M is almost projective, the natural morphism induced by ip £ 

alHom A (M, A n ) alHom A (M, M £ ) 

is an epimorphism. Then for arbitrary 5 E m the morphism <5 • 7 £ is in the image of -0*, in other 
words, there exists an A-linear morphism u £ $ : M — > A n such that £ o u £ s — 5 • 7 £ . If now we 
take f e< 5 = £ , it is clear that v £ s o u £ $ = e ■ 5 ■ 1m- This proves (ii), since the e E m satisfying 
the assertion of (ii) form an ideal. 

(ii) =Kiii): for a given A-module TV, apply the functor Torf (— , TV) to the sequence (2.3.13). 
This yields e • Torf (M, TV) = 0. Now the claim follows from remark 2.3.1 l(i). □ 

There is a converse to lemma 2.3.12 in case M is almost finitely presented. Before stating it, 
we need the following lemma. 

Lemma 2.3.14. Let R be any ring, M any R-module and C = Coker(0 : R n — > R m ) any 
finitely presented (left) R-module. Let C = Coker(0* : R m — > R n ) be the cokernel of the 
transpose of the map 0. Then there is a natural isomorphism 

Torf (C, M) ~ Hom R (C, M)/Im(Hom R (C, R) ® R M). 

Proof. We have a spectral sequence : 

E% = Torf (^(Cone(0*)), M) =s> # i+j (Cone(0*) ® R M). 

On the other hand we have also natural isomorphisms 

Cone(0*) ®_r M ~ Hom i? (Cone(0), R)[l] ® R M ~ Hom^(Cone(0), M)[l]. 

Hence : 

E 2 W ~ E™ ~ /^(Cone^*) ®* M)/E^_ ~ tf°(Hom fl (Cone(0), M))/Im( J E 2 1 ) 

~ Hom i? (C, M)/Im(Hom i? (C, P) <8> fl M) 

which is the claim. □ 

Proposition 2.3.15. (7) Every almost finitely generated almost projective A-module is almost 
finitely presented. 

( ii) Every almost finitely presented flat A-module is almost projective. 

Proof, (ii) : let M be such an A-module. Let e, 5 E m and pick a three term complex 

A m _ A n _ M 

such that e ■ Coker(0) = 5 ■ Ker(0)/Tm(-0) = 0. Set P = Coker(-0*); this is a finitely presented 
^-module and 0* factors through a morphism 0* : P — > M*. Let 76 m; from lemma 2.3.14 
we see that 7 • is the image of some element Y^j=i <A? ® m j e Hom^, (P, A*) <g>A* M*. 
If we define L = A™ and v : P — > L, u> : L —> M* by t>(x) = (0i(a;), n (x)) and 
w(yi, ... : y n ) = YTj=i Vj ' m j> men clearly 7 - = wo v. Let P" = Ker(0j. Then 5- K a = and 
the map 8 ■ l P a factors through a morphism a : (P/K) a — > P a . Similarly the map £ • \ M factors 
through a morphism A : M -> (P/K) a . Let a = w a o cr o A : M -> L a and /3 = w a : L a -> M. 
The reader can check that (3 o a = e ■ 5 ■ 7 • 1m- By lemma 2.3.12 the claim follows. 

(i) : let P be such an almost finitely generated almost projective A-module. For any finitely 
generated ideal m C m pick a morphism : A r — > P such that m • Coker(0) = 0. If 
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Ei, Ek is a set of generators for m , a standard argument shows that, for any i < k, • lp 
lifts to a moronism ^ : P — > A r /Ker(0); then, since P is almost projective, lifts to a 
morphism ipij : P — > A r . Now claim 2.3.7 applies with F 1 = A r , F 2 — M — P, p — <f>, 
q = lp and ip = ipij and shows that Ker(0) has a finitely generated submodule containing 
£j • £j ■ Ker(0). Then the span of all such is a finitely generated submodule of Ker(0) 
containing trig ■ Ker(0). By proposition 2.3.5(ii), the claim follows. □ 

Definition 2.3.16. For an A-module M, the dual A-module of M is the A-module M* = 
alHom j 4(M, A). M is reflexive if the natural morphism 

(2.3.17) M — (.\/')' m^(f^f(m)) 

is an isomorphism of A-modules. 

Remark 2.3.18. Notice that if B is an A-algebra and M any P-module, then by "restriction 
of scalars" M is also an A-module and the dual A-module M* has a natural structure of B- 
module. This is defined by the rule (b ■ f)(m) = f(b ■ m) (b G P*, m G M* and / G M*). 
With respect to this structure (2.3.17) becomes a P-linear morphism. Incidentally, notice that 
the two meanings of "M*" coincide, i.e. (M*)* ~ (M*)*. 

Proposition 2.3.19. Le? P £e an almost projective A-module and denote by Ip the image of the 
natural "evaluation morphism" P <S>a P* A. 

i) For every morphism of algebras A^> B we have Ip® A p = Ip • B. 

ii) I P = Ip. 

Hi) P = if and only if Ip = 0. 

iv) P is faithfully flat if and only if Ip = A. 

Proof. Pick an indexing set I large enough, and an epimorphism <p : F = A^ — > P. For 
every i £ I we have the standard morphisms A A F A A such that %i o = 5jj • 1 A and 
Zlie/ ej o 7Tj = 1 F . For every rr G m choose ^ € Hom A (P, P) such that o ^ x = x • 1 P . It is 
easy to check that I P is generated by the almost elements ^0^000 ej (i, j G I, x G m). (i) 
follows already. For (iii), the "only if" is clear; if Ip = 0, then ip x o <p = for all x G m, hence 
V'x — and therefore x • lp = 0. Next, notice that, from (i) and (iii) we derive P/ (Ip ■ P) = 0, 
P = Ip ■ P, so (ii) follows directly from the definition of /p. Since P is flat, to show (iv) 
we have only to verify that the functor M i— > P C3u M is faithful. To this purpose, it suffices 
to check that P ® A (A/ J) ^ for every proper ideal J of A. This follows easily from (i) and 
(iii). □ 

If E, F and N are A-modules, there is a natural morphism : 

(2.3.20) E ® A alHom A (P, N) -> alHom A (P, P ® A JV). 

Lemma 2.3.21. (7) 77ze morphism (2.3.20) is an isomorphism in the following cases : 

a) when E is flat and F is almost finitely presented; 

b) when either E or F is almost finitely generated and almost projective; 

c) when F is almost projective and E is almost finitely presented; 

d) when E is almost projective and F is almost finitely generated. 

(ii) The morphism (2.3.20) is a monomorphism in the following cases : 

a) when E is flat and F is almost finitely generated; 

b) when E is almost projective. 

(iii) The morphism (2.3.20) is an epimorphism when F is almost projective and E is almost 
finitely generated. 

Proof. IfP ~ A^for some finite set I, then alHom A (P, N) ~ and the claims are obvious. 
More generally, if P is almost projective and almost finitely generated, for any e G m there 
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exists a finite set I = 1(e) and moronisms 

(2.3.22) F — ^ AW F 

such that t) £ o« £ = £- l f . We apply the natural transformation 

E ® A alHom A (-, N) -> alHom A (-, £ <g> A TV) 

to (2.3.22) : an easy diagram chase allows then to conclude that the kernel and cokernel of 
(2.3.20) are killed by e. As e is arbitrary, it follows that (2.3.20) is an isomorphism in this case. 
An analogous argument works when E is almost finitely generated almost projective, so we get 
(i.b). If F is only almost projective, then we still have morphisms of the type (2.3.22), but now 
1(e) is no longer necessarily finite. However, the cokernels of the induced morphisms \ E ®u £ 
and aiHom A (t> £ , E ® A N) are still annihilated by e. Hence, to show (iii) (resp. (i.c)) it suffices 
to consider the case when F is free and E is almost finitely generated (resp. presented). By 
passing to almost elements, we can further reduce to the analogous question for usual rings 
and modules, and by the usual juggling we can even replace E by a finitely generated (resp. 
presented) A*-module and F by a free A*-module. This case is easily dealt with, and (iii) and 
(i.c) follow. Case (i.d) (resp. (ii.b)) is similar : one considers almost elements and replaces 
E* by a free A*-module (resp. and F* by a finitely generated A^-module). In case (ii.a) (resp. 
(i.a)), for every finitely generated submodule m of m we can find, by proposition 2.3.5, a 
finitely generated (resp. presented) A-module F and a morphism F — > F whose kernel and 
cokernel are annihilated by m . It follows easily that we can replace F by F and suppose that 
F is finitely generated (resp. presented). Then the argument in [2] (Ch.I §2 Prop. 10) can be 
taken over verbatim to show (ii.a) (resp. (i.a)). □ 

Lemma 2.3.23. i) Let P be an A-module and B an A-algebra. If either P or B is almost 
finitely generated almost projective as an A-module, then the natural morphism 

(2.3.24) B ® A alHom A (P, N) -> alHom B (£ ® A P, B ® A N) 

is an isomorphism for all A-modules N. 

ii) Every almost projective almost finitely generated A-module is reflexive. 

Proof, (i) is an easy consequence of lemma 2.3.21(i.b). To prove (ii), we we apply the natural 
transformation (2.3.17) to (2.3.22) : by diagram chase one sees that the kernel and cokernel of 
the morphism F — > (F*)* are killed by e. □ 

Lemma 2.3.25. Let {M n ; <p n : M n — > M n+1 | n G N} be a direct system of A-modules and 
suppose there exist sequences {e n | n e N} and {5 n \ n G N} of ideals ofV such that 

i) lim e n = V (convergence for the uniform structure on ideals ofV) and YYiLo $j zs a 

Cauchy product; 

ii) for all n G N there exist integers N(n) and morphisms of A-modules i[) n : A w ' n ' — > M n 
such that e n • Coker(^„) = 0; 

iii) 5 n ■ Coker(0 n ) = for all neN. 

Then colim M n is an almost finitely generated A-module. 

Proof. Let M = colim M n . For any n G N let a n = OmyoiTYit™ Then lim a n = V. For 
m > n set (f) n>m — <fi m o ... o n+1 o <p n : M n — >■ M m+1 and let njOO : M n — > M be the natural 
morphism. An easy induction shows that YlJLn $j ' Coker(0 n >m ) = for all m > n G N. Since 
Coker(0„ jOO ) = colim Coker(0„ >m ) we obtain a n ■ Coker(0„ iOO ) = for all neN. Therefore 

meN 

e n ■ a n ■ Coker(0„ )OO o t/j n ) = for all neN. Since lim e n ■ a n = V, the claim follows. □ 

n^oo 
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Lemma 2.3.26. Let {M n ; <p n : M n — > M n+ i \ n e N} be a direct system of A-modules and 
suppose there exist sequences {e n | n G N} and {5 n | n G N} of ideals ofV such that 

i) lim e n = V and YlTLn $j zs a Cauchy product; 

n— +00 •> 

ii) e n ■ alExt^(M n , N) = 5 n ■ alExt^(Coker(0 n ), N) = for all A-modules N, alii > and 
all n e N; 

Hi) S n ■ Ker(0 n ) = Ofor all neN. 

Then colim M n is an almost projective A-module. 

neN 

Proof. Let M = colim M n . By the above remark 2.3. 1 l(i) it suffices to show that alExt\ (M, N) 

neN 

vanishes for alH > and all A-modules N. The maps <p n define a map : ©„M n — > @ n M n 

such that we have a short exact sequence — > ® n M n — % @ n M n — > M — > 0. Applying the 
long exact alExt sequence one obtains a short exact sequence (cp. [22] (3.5.10)) 

-> lim 1 alExtV 1 (M„, iV) -> alExtUM, JV) -> limalEx4(M n , iV) -> 0. 

neN neN 

Then lemma 2.3.2(h) implies that alEx4(M, N) ~ for alH > 1 and moreover alExt\(M, iV) 
is isomorphic to lim 1 alHom J 4(M n , iV). Let 

neN 

0; : alHonu(M n+ i, TV) -> alHom A (M„, iV) / h-> / o n 

be the transpose of n and write n as a composition M n lm(0 n ) M n+1 , so that 
0* = g* op* , the composition of the respective transposed morphims. We have monomorphisms 

Coker(p*) ^ alHom A (Ker(0 n ), N) 
Coker(q£) ^ alExt\(Coker(0 n ), N) 

for all neN. Hence 5l ■ Coker(0* ) = for all neN. Since fl^Lo ^ is a Cauchy product, 
lemma 2.3.2(iii) shows that lim 1 alHom /l (M n , AT) ~ and the assertion follows. □ 

nGN 

Proposition 2.3.27. Suppose that m is aflat V -module. Then for any V -algebra R the functor 
MhM commutes with tensor products and takes flat R a -modules to flat R-modules. 

Proof. Let M be a flat i? a -module and iV A 7 '' an injective map of i?-modules. Denote by 
K the kernel of the induced map M\ ® R N — > M ®r A"'; we have AT a ~ 0. We obtain an 
exact sequence — > m <8v AT ^ m ®y M ® fi A" — * m (gy Mi ®r N'. But one sees easily 
that m ®y A' = and m (gy M ~ M, which shows that M; is a flat A^-module. Similarly, 
let M, A" be two A^-modules. Then the natural map M* ® R AT* — > (M ® Ra A/% is an almost 
isomorphism and the assertion follows from remark 2. 1 .3(i). □ 

2.4. Almost homotopical algebra. The formalism of abelian tensor categories provides a min- 
imal framework wherein the rudiments of deformation theory can be developed. 

Let {% ®, U) be an abelian tensor category; we assume henceforth that ® is a right exact 
functor. Let A be a given ^-monoid. A two-sided ideal of A is an A-sub-bimodule I — > A. 
The quotient A/ 1 in the underlying abelian category tfhas a unique ^-monoid structure such 
that A — > A// is a morphism of monoids. A// is unitary if A is. For I, J subobjects of A one 
denotes IJ = Im(7 (g>J^A®A^A).If/isa two-sided ideal of A such that J 2 = 0, then, 
using the right exactness of ® one checks that I has a natural structure of an A//-bimodule, 
unitary when A is. 

Definition 2.4.1. A ^-extension of a ^-monoid B by a £?-bimodule I is a short exact sequence 
of objects of 



(2.4.2) 



X : *J ^5 ^0 
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such that C is a "^-monoid, p is a morphism of "^-monoids, 7 is a square zero two-sided ideal in 
C and the 75/7-bimodule structure on 7 coincides with the given bimodule structure on 7. The 
■^-extensions form a category Exmon^. The morphisms are commutative diagrams with exact 
rows 

X : 



X' : 

such that g and h are morphisms of "^-monoids. We let Exmon<^( B, 7) be the subcategory of 
Exmon^ consisting of all "^-extensions of B by 7, where the morphisms are all short exact 
sequences as above such that / = 1/ and h = 1b- 

We have also the variant in which all the ^-monoids in (2.4.2) are required to be unitary 
(resp. to be algebras) and 7 is a unitary 7?-bimodule (resp. whose left and right 73-module 
actions coincide, i.e. are switched by composition with the "commutativity constraints" r] B \i 
and t)i\b, see 2.2); we will call Exun^ (resp. ExaL^j) the corresponding category. For a 
morphism : C — > B of <£- monoids, and a ^-extension X in Exmon<^( B, I), we can pullback 
X via to obtain an exact sequence X * with a morphism 0* : X * — > X; one checks 
easily that there exists a unique structure of "^-extension on X * such that 0* is a morphism of 
'g'-extension; then X * is an object in Exmon^(C, 7). Similarly, given a 73-linear morphism 
ip : 7 — > J, we can push out X and obtain a well defined object -0 * X in Exmon<^( B, J) 
with a morphism X — > -0 * X of Exmon^. In particular, if 7i and 7 2 are two 73-bimodules, 
the functors pi* (i = 1,2) associated to the natural projections pi : I± © 7 2 — > 7, establish an 
equivalence of categories 

(2.4.3) Exmon^B, 7 : © 7 2 ) ^ Exmon^B, x Exmon^E, 7 2 ) 

whose essential inverse is given by (E 1 , E 2 ) i— > (T^ © £'2) * 5, where 5 : B — > 73 © 73 is the 
diagonal morphism. A similar statement holds for Exal and Exun. These operations can be 
used to induce an abelian group structure on the set Exmon^>( B, I) of isomorphism classes of 
objects of Exmon^( B, 7) as follows. For any two objects X, F of Exmon^B, 7) we can 
form X © Y which is an object of Exmon^( B © B, I © 7). Let a : 7 © 7 -> 7 be the addition 
morphism of 7. Then we set X + Y = a * (X © Y) * 5. One can check that X + Y ~ F + X for 
any X, F and that the trivial split "^-extension 7? © 7 is a neutral element for +. Moreover every 
isomorphism class has an inverse —X. The functors X 1— > X * and X 1— > -0 * X commute 
with the operation thus defined, and induce group homomorphisms 

*0 : Exmong?(7?, 7) — > Exmon^>(C, 7) 
■0* : Exmon^(7?, 7) — > Exmon^(7?, J). 

We will need the variant Exak/(7?, 7) defined in the same way, starting from ExaL/(7?, 7). For 
instance, if A is an almost algebra (resp. a commutative ring), we can consider the abelian tensor 
category ft = A-Mod. In this case the ^-extensions will be called simply A-extensions, and 
we will write ExaU rather than Exal<^. In fact the commutative unitary case will soon become 
prominent in our work, and the more general setup is only required for technical reasons, in the 
proof of proposition 2.4.6 below, which is the abstract version of a well-known result on the 
lifting of idempotents over nilpotent ring extensions. 

Let A be a "^-monoid. We form the biproduct A^ = U © A in c &. We denote by p x , p 2 
the associated projections from A^ onto U and respectively A. Also, let %\, % 2 be the natural 
monomorphisms from U, resp. A to AK A^ is equipped with a unitary monoid structure 

/i f = i 2 o fj, o (p 2 © p 2 ) +i 2 o i' 1 o (p l ® p 2 ) +i 2 o r^ 1 o (p 2 ® p ± ) + i l o uT 1 o (p x © p x ) 
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where I a, ta are the natural isomorphisms provided by [4] (Prop. 1.3) and u : U — > U <g) U is as 
in loc. cit. §1. In terms of the ring A\ ~ [/* © A* this is the multiplication (wi, foi) • (u 2 ,b 2 ) = 
(ui ■ u 2 , b\ ■ b 2 + bi ■ u 2 + Mi • 62)- Then « 2 is a morphism of monoids and one verifies that 
the "restriction of scalars" functor i\ defines an equivalence from the category A^-Uni.Mod of 
unitary A^-modules to the category A-Mod of all A-modules; let j denote the inverse functor. 
A similar discussion applies to bimodules. Similarly, we derive equivalences of categories 

*i 2 

Exun^t, j(M)) ~ — " Exmon^A, M) 

(-) f 

for all A-bimodules M. 

Next we specialise to A — U : for a given [/-module M let e M = &m '■ M — > 
M; working out the definitions one finds that the condition that this is a module structure is 
equivalent to e 2 M = cm- Let U x U be the product of U by itself in the category of ^-monoids. 
There is an isomorphism of unitary ^-monoids ( : W — > U x U given by £ = i\ Pi + 12 
Pi + ^2 P2- Another isomorphism is r o (, where r is the flip i\ o p 2 + i 2 o p 1 . Hence we get 
equivalences of categories 

3 (r 1 )* 

[/-Mod f/t-Uni.Mod , (17 x lO-Uni.Mod 

i* (roC)* 

The composition i* 2 o oro()*oj defines a self-equivalence of [/-Mod which associates 
to a given [/-module M the new [/-module M flip whose underlying object in tfis M and such 
that e M ft>p = 1m — e^- The same construction applies to [/-bimodules and finally we get 
equivalences 

(2.4.4) Exmon^f/, M) Exmon^f/, M fli P) X i-> X flip 

for all [/-bimodules M. If X = (0 -> M -> £ ^ U -> 0) is an extension and X flip = (0 -> 
M flip — > E nip — > [/ — > 0), then one verifies that there is a natural isomorphism X flip — > X 
of complexes in ^ inducing —1m on M, the identity on U and carrying the multiplication 
morphism on E nip to 

-He + t~E (t <E> If?) + r^ 1 o (1 B ® 7r) : E ®E ^ E. 

In terms of the associated rings, this corresponds to replacing the given multiplication (x, y) 1— > 

x • y of i?* by the new operation (x, y) 1— > 7r*(x) ■ y + n*(y) ■ x — x ■ y . 

Lemma 2.4.5. IfM is a U -bimodule whose left and right actions coincide, then every extension 
ofU by M splits uniquely. 

Proof. Using the idempotent e M we get a [/-linear decomposition M ~ Mi © M 2 where 
the bimodule structure on Mi is given by the zero morphisms and the bimodule structure on 
M 2 is given by and r M \ We have to prove that Exmon^f/, M) is equivalent to a one- 
point category. By (2.4.3) we can assume that M = M x or M = M 2 . By (2.4.4) we have 
Exmon<^([/, M 2 ) ~ Exmon^f/, M 2 ip ) and on M 2 ip the bimodule actions are the zero mor- 
phisms. So it is enough to consider M = Mi. In this case, if X = (0 — > M — > E — > [/ — > 0) is 
any extension, [i E : E ® E E factors through a morphism [/ <g) [/ — > E and composing with 
■u : [/ — > U ® U we get a right inverse of E — > [/, which shows that X is the split extension. 
Then it is easy to see that X does not have any non-trivial automorphisms, which proves the 
assertion. □ 

Proposition 2.4.6. i) Let X = (0 — > / — > A A' — > 0) l>e a ^-extension and suppose that 
e' G an idempotent element whose left action on the A' -bimodule I coincides with its right 
action. Then there exists a unique idempotent e G A* such that p*(e) = e'. 



ALMOST RING THEORY 



19 



ii) Especially, if A' is unitary and I is a unitary A'-bimodule, then every extension of A' by I 
is unitary. 

Proof, (i) : the hypothesis e' 2 = e' implies that e' : U — > A' is a morphism of (non-unitary) tf- 
monoids. We can then replace X by X * e' and thereby assume that A' — U, p : A — > U and I is 
a (non-unitary) U -bimodule and the right and left actions on I coincide. The assertion to prove 
is that ljj lifts to a unique idempotent e e A*. However, this follows easily from lemma 2.4.5. 
To show (ii), we observe that, by (i), the unit 1 A , of A' t lifts uniquely to an idempotent e E A*. 
We have to show that e is a unit for A*. Let us show the left unit property. Via e : U — > A 
we can view the extension X as an exact sequence of left U -modules. We can then split X as 
the direct sum Xi © X 2 where Xi is a sequence of unitary [/-modules and X 2 is a sequence 
of U -modules with trivial actions. But by hypothesis, on I and on A the U -module structure is 
unitary, so X = X 1 and this is the left unit property. □ 

So much for the general nonsense; we now return to almost algebras. As already announced, 
from here on, we assume throughout that ffv is aflat V -module. As an immediate consequence 
of proposition 2.4.6 we get natural equivalences of categories 

(2.4.7) ExaL Al (B u M ± ) x ExaU 2 (5 2 , M 2 ) ExaL^^ x B 2 , M 1 ® M 2 ) 

whenever A±, A 2 are \/ a -algebras, Bi is a Aj-algebra and Mj is a (unitary) Bj-module, % = 1,2. 

Notice that, if A = R a for some V-algebra R, S (resp. J) is a i?-algebra (resp. an ^-module) 
and X is any object of Exal K (S', J), then by applying termwise the localisation functor we get 
an object X a of Exal j4 (S' a , J a ). With this notation we have the following lemma. 

Lemma 2.4.8. i) Let B be any A-algebra and I a B -module. The natural functor 

(2.4.9) ExaU,, (£„,/*) ->Exal A (S,7) X i-> X a 

J5 an equivalence of categories. 

ii) The equivalence (2.4.9) induces a group isomorphism Exal^,,^!!, /*) ExaU(5,7) 
functorial in all arguments. 

Proof. Of course (ii) is an immediate consequence of (i). To show (i), let X = (0 — > / — > E — > 
5 — > 0) be any object of Exal^(5, J). Using corollary 2.2.10 one sees easily that the sequence 
X\ = (0 — > J; — > .Em — > -Bm — > 0) is right exact; Xi won't be exact in general, unless B (and 
therefore i?) is an exact algebra. In any case, the kernel of I\ — > Eu is almost zero, so we get 
an extension of Bu by a quotient of I\ which maps to 7*. In particular we get by pushout an 
extension X* by /*, i.e. an object of ExaU„ (Bu, /*) and in fact the assignment X i— > X* is an 
essential inverse for the functor (2.4.9). □ 

Remark 2.4.10. By inspecting the proof, we see that one can replace i* by Ii* = Im(/i — > 7*) 
in (i) and (ii) above. When B is exact, also I\ will do. 

In [14] (II. 1.2) it is shown how to associate to any ring homomorphism R — > 5 a natural 
simplicial complex of S'-modules denoted ~L s /r and called the cotangent complex of S over R. 

Definition 2.4.11. Let A — > i? be a morphism of almost V-algebras. The almost cotangent 
complex of _B over A is the simplicial fin -module 

Lb/A = -Bm ®(v«x_B)„ L(VxB),i/(PxA) !r 

Usually we will want to view Lb/a as an object of the derived category D,(s.Bu) of simpli- 
cial Bn-modules. Indeed, the hyperext functors computed in this category relate the cotangent 
complex to a number of important invariants. Recall that, for any simplicial ring R and any two 
i?-modules E, F the hyperext of E and F is the abelian group defined as 

ExfJE, F) = colimHom D . (R) (cr n £, a n+p F) 

n>—p 
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(where a is the suspension functor of [14] (1.3.2.1.4)). 

Let us fix an almost algebra A. First we want to establish the relationship with differentials. 

Definition 2.4.12. Let B be any A-algebra, M any £?-module. 

i) An A-derivation of B with values in M is an A-linear morphism d : B — > M such that 
d(bi ■ b 2 ) = bi ■ d(b 2 ) + b 2 ■ d(bi) for b 1: b 2 G 5*. The set of all M-valued A-derivations of B 
forms a y -module Der^-B, M) and the almost V -module Der a(B, M) a has a natural structure 
of B-module. 

ii) We reserve the notation Ibia for the ideal Ker(/i B /^ : B ®a B — > B). The module of 
relative differentials of is defined as the (left) £> -module Q>b/a — Ib/a/ Ibia- ^ * s endowed 
with a natural A-derivation 5 \ B — ► ^b/a defined by b i— > 1 <g> 6 — 6 <g> 1 for all b G B*. The 
assignment (A — > B) i— > VL b /a defines a functor 

n : \/ a -Alg.Morph -> \/ a -Alg.Mod 

from the category of morphisms A — > 5 of almost V^-algebras to the category V a -Alg.Mod 
consisting of all pairs (5, M) where .B is an almost V-algebra and M is a 5-module. The mor- 
phisms in V^-Alg.Morph are the commutative squares; the morphisms (B, M) — > (B', M') 
in V^-Alg.Mod are all pairs (0, /) where : 5 — > B' is a morphism of almost V-algebras 
and / : B' ® B M — > M' is a morphism of fi'-modules. 

The module of relative differentials enjoys the familiar universal properties that one expects. 
In particular Vl b /a represents the functor Der A (B, — ), i.e. for any (left) .B-module M the mor- 
phism 

(2.4.13) Hom B (n BM ,M)->Der A (£,M) f^foS 

is an isomorphism. As an exercise, the reader can supply the proof for this claim and for the 
following standard proposition. 

Proposition 2.4.14. i) Let B and C be two A-algebras. Then there is a natural isomorphism: 

&C(x>aB/C — C ® a ^b/a- 

ii) Let B be an A-algebra, C a B-algebra. There is a natural exact sequence of C -modules: 

C ® B Q b /a — ► &c/a — ► &-C/B — ► 0. 

iii) Le? J »e an ideal of the A-algebra B and let C = B/I be the quotient A-algebra. Then 
there is a natural exact sequence: I / 1 2 — > C ® b VL b /a — > ^c/a - ► 0. 

z'v) The functor VL : V a -Alg.Morph — > V a -Alg.Mod commutes with all colimits. □ 

Lemma 2.4.15. For any A-algebra B there is a natural isomorphism of Bu -modules 

(Qb/a)\ — ^Bu/An- 

Proof. Using the adjunction (2.4.13) we are reduced to showing that the natural map 

M : Der4„ (£?,,, M) -> Der A (5, M a ) 

is a bijection for all B» -modules M. Given d : B —> M a we construct <9i : B\ — > M, a — > M. We 
extend 9; to V" © -B by setting it equal to zero on V . Then it is easy to check that the resulting 
map descends to B\\, hence giving an A-derivation B» — > M. This procedure yields a right 
inverse -0m to 4> M - To show that 0m is injective, suppose that d : Bu — > M is an almost zero 
A-derivation. Composing with the natural A-linear map B\ — > Sm we obtain an almost zero 
map & : B\ — > M. But m • £?i = -Bi, hence 9' = 0. This implies that in fact d = 0, and the 
assertion follows. □ 

Proposition 2.4.16. Le? M be a B-module. There exists a natural isomorphism of Bu-modules 

Ext B!! (L B/A , Mi) ~ Der A (B, M). 
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Proof. To ease notation, set A = V a x A and B = V a x B. We have natural isomorphisms : 
Ext^L^M) -ExtlJL^/^M) by [14] (1.3.3.4.4) 
~ Der Xu (B lu M,) by [14] (H. 1.2.4.2) 

~Der^(5,M) by lemma 2.4.15. 

But it is easy to see that the natural map Der A (B, M) — > Der^(_B, M) is an isomorphism. □ 
Theorem 2.4.17. 77zere z's a natural isomorphism 

ExaU( J B, M) -> Ext^„(L BM , M). 
Proof. With the notation of the proof of proposition 2.4.16 we have natural isomorphisms 
Exi Bu (L B/A , Mi) ~ Ext^(L| nAi , M) by [14] (1.3.3.4.4) 
~ Exal Ati (Bu, Mi) by [14] (IH.1.2.3) 

~ Exal^S, M) 

where the last isomorphism follows directly from lemma 2.4.8(ii) and the subsequent remark 
2.4.10. Finally, (2.4.7) shows that Exa\ A (B, M) ~ Exa\ A (B, M), as required. □ 

Moreover we have the following transitivity theorem as in [14] (II.2.1.2). 

Theorem 2.4.18. Let A — > B — > C be a sequence of morphisms of almost V -algebras. There 
exists a natural distinguished triangle of D.(s.Cm) 

Cm ®_b„ L B /a — ^C/A — — E c / B Cu ® B „ ah B / A 

where the morphisms u and v are obtained by functoriality of L. 

Proof. It follows directly from loc. cit. □ 

Proposition 2.4.19. Let {A\ — > B\)\ e i be a system of almost V -algebra morphisms indexed 
by a small filtered category I. Then there is a natural isomorphism in D.(s.colim£>A!!) 

Ae/ 

colimL BAMA ~ L colimB A /colimA A - 

AfcJ Ae/ Ae/ 

Proof. Remark 2.2.15 gives an isomorphism : colimA A!! ^ (colimA A )u (and likewise for 

colim^A). Then the claim follows from [14] (II. 1 .2.3.4). □ 

Ae/ 

Next we want to prove the almost version of the flat base change theorem [14] (II. 2. 2.1). To 
this purpose we need some preparation. 

Proposition 2.4.20. Let B and C be two A-algebras and set T, t = Torf u (Bu, Cu). If A, B, C 
and B <g> A C are all exact, then for every i > the natural morphism m ®y Tj — > Tj is an 
isomorphism. 

Proof. For any almost V-algebra D we let ko denote the complex of Du-modules [m ®v D\\ — > 
D\\] placed in degrees —1, 0; we have a distiguished triangle 

3{D) : m<g) V D n >■ Du ^ k D >- m <gy D\\[l}. 

By the assumption, the natural map k A — > k B is a quasi-isomorphism and m £g>y Bu ~ Bu On 
the other hand, for alH G N we have 

Torf !! (A; s ,CM) ~ Torf !! (A; A , Cu) ~ H~\k A ® An Cm) = H~\k c ). 
In particular Torf "(fcs, Cm) = for all i > I. As m is flat over V, we have frt <S>v % ~ 

A ~ L 

Torj !! (m <S>v Bu,C\\). Then by the long exact Tor sequence associated to 3\B)® A „Cu we 
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get the assertion for all % > 1. Next we consider the natural map of distinguished triangles 
L L 

,9{A)®AuA\\ — > ,9{B)®AuC\\; writing down the associated morphism of long exact Tor se- 
quences, we obtain a diagram with exact rows : 

> Torf !! (k A , A, A ) — ^ (m ©y A n ) ©a,, M — U. A u ®a„ An 



Torf u (k B , C,,) (m ©y S„) ©a,. Cm -U- B„ ©a,. Cm 

By the above, the leftmost vertical map is an isomorphism; moreover, the assumption gives 
Ker(i) ~ Ker(m — > V) ~ Ker(i'). Then, since 9 is injective, also 9' must be injective, which 
implies our assertion for the remaining case i — 1. □ 

Corollary 2.4.21. notation of proposition 2.4.20 and suppose that Torf (£>, C) ~ 

/or some i > 0. TTzen ?/ze corresponding T,- L vanishes. □ 

L 

Theorem 2.4.22. Le? £?, A' oe ?wo A-algebras. Suppose that the natural morphism B® A A' — > 
B' = B <S>a A' is an isomorphism in D m (s.A). Then the natural morphisms 

B'u ®b,, ^b/a — ► W/A' 

(Sf, <g> Bll L B /a) © ©a;, W/a) — ► W/a 

are quasi-isomorphisms. 

Proof. Let us remark that the functor D V a x D : A-Alg — > ( V a x A)-Alg commutes with 
tensor products; hence the same holds for the functor £> i— > (V a x _D)m (see remark 2.2.15). 
Then, in view of corollary 2.4.21, the theorem is reduced immediately to [14] (II. 2. 2.1). □ 

As an application we obtain the vanishing of the almost cotangent complex for a certain class 
of morphisms. 

Theorem 2.4.23. Let R — > S be a morphism of almost algebras such that 

Torf (S, S) ~ ~ Torf ® rS {S, S) for alli>0 
(for the natural S ®r S-module structure induced by Hs/r)- Then L>$/r — in D.(S'n). 

Proof. Since Torf (S, S) = for all % > 0, theorem 2.4.22 applies (with A = R and B = A' = 
S), giving the natural isomorphisms 

(2.4.24) 



(S ®r S)u <S>s u L 5 /r ^ ^s® R s/s 



((S ® R S) tt ©<?„ Ls/r) © ((S ®r S) u ® 5 „ ^s/r) - ^s® r s/r 

Since Torf® RS (S, S) = 0, the same theorem also applies with A = S ® R S, B = S, A' = S, 
and we notice that in this case B' ~ S; hence we have 

(2.4.25) ^s/s® R s - Su ©<?„ ^s/s® R s - ^s/s - 0. 

Next we apply transitivity to the sequence R — > S ©_r S — > S, to obtain (thanks to (2.4.25)) 

(2.4.26) S u ® s ® R s n ^s® r s/r - ^s/r- 
Applying 5m ®s® r Su — to the second isomorphism (2.4.24) we obtain 

(2.4.27) L s /r © L s /r ~ 5m ©5® fl 5„ ^s® r s/r- 
Finally, composing (2.4.26) and (2.4.27) we derive 

(2.4.28) h s/R © h s/R ^ L s/ R. 

However, by inspection, the isomorphism (2.4.28) is the sum map. Consequently h s /R ~ 0, as 
claimed. □ 
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Finally we have a fundamental spectral sequence as in [14] (III.3.3.2). 

Theorem 2.4.29. Let (ft : A ^> B be a morphism of almost algebras such that B ® A B ~ B 
(e.g. such that B is a quotient of A). Then there is a first quadrant homology spectral sequence 
ofbigraded almost algebras 

E 2 pq = H p+q (Sym B (h B/A )) =► To^ +q (B, B). 

Proof. We replace (ft by lya x and apply the functor B t—> B\\ (which commutes with ten- 
sor products by remark 2.2.15) thereby reducing the assertion to the above mentioned [14] 
(m.3.3.2). □ 

3. Almost ring theory 

3.1. Flat, unramified and etale morphisms. Let A — > £? be a morphism of almost V-algebras. 
Using the natural "multiplication" morphism of A-algebras /jLb/a '■ B ®a 5 — > B we can view 
BasaB CSu £?-algebra. 

Definition 3.1.1. Let : A — > £? be a morphism of almost V-algebras. 

i) We say that is a/to (resp. faithfully flat, resp. almost projective) morphism if 5 is a flat 
(resp. faithfully flat, resp. almost projective) A-module. 

ii) We say that is almost finite (resp. finite) if B is an almost finitely generated (resp. finitely 
generated) A-module. 

iii) We say that is weakly unramified (resp. unramified) if B is a flat (resp. almost projec- 
tive) B ®a -B-module (via the morphism Hb/a defined above). 

iv) is weakly etale (resp. etale) if it is flat and weakly unramified (resp. unramified). 

Lemma 3.1.2. Let : A — > B and ift : B — > C &e morphisms of almost V -algebras. 

i) Any base change of a flat (resp. almost projective, resp. faithfully flat, resp. almost finite, 
resp. weakly unramified, resp. unramified, resp. weakly etale, resp. etale) morphism is flat 
(resp. almost projective, resp. faithfully flat, resp. almost finite, resp. weakly unramified, resp. 
unramified, resp. weakly etale, resp. etale); 

ii) if both and ip are flat (resp. almost projective, resp. faithfully flat, resp. almost finite, 
resp. weakly unramified, resp. unramified, resp. weakly etale, resp. etale), then so is tft o (ft; 

iii) if (ft is flat and tp o (ft is faithfully flat, then (ft is faithfully flat; 

iv) if (ft is weakly unramified and ip o is flat (resp. weakly etale), then ip is flat (resp. weakly 
etale); 

v) If (ft is unramified and ip o is etale, then ift is etale; 

vi) (ft is faithfully flat if and only if it is a monomorphism and B/A is aflat A-module; 

vii) if (ft is almost finite and weakly unramified, then (ft is unramified. 

Proof. For (vi) use the Tor sequences. In view of proposition 2.3.15(ii), to show (vii) it suffices 
to know that B is an almost finitely presented B ®a -B-module; but this follows from the 
existence of an epimorphism of B ® A -B-modules (B ® A B) ®a B — > Kqv(^ b /a) defined by 
x ® b ^ x ■ (\® b — b ® V). Of the remaining assertions, only (iv) and (v) are not obvious, 
but the proof is just the "almost version" of a well-known argument. Let us show (v); the same 
argument applies to (iv). We remark that Hb/a is an etale morphism, since is unramified. 
Define = \ c ®b I^b/a- By (i), Y^ is etale. Define also p — (-0 o (ft) ® A \ B . By (i), p is flat 
(resp. etale). The claim follows by remarking that ift = Y^op and applying (ii). □ 

Remark 3.1.3. i) Suppose we work in the classical limit case, that is, V = m (cp. example 
2.1.1(ii)). Then we caution the reader that our notion of "etale morphism" is more general 
than the usual one, as defined in [10]. The relationship between the usual notion and ours is 
discussed in the digression at the end of section 3.4. 
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ii) The naive hope that the functor A i— > An might preserve flatness is crushed by the fol- 
lowing counterexample. Let (V,m) be as in example 2.1. l(i) and let k be the residue field 
of V. Consider the flat map V x V — > V defined as (x, y) h- > x. We get a flat morphism 
\/ a x V a — > V a in \/ a -Alg; applying the left adjoint to localisation yields a map V x k V — > V 
that is not flat. On the other hand, faithful flatness is preserved. Indeed, let : A — > 5 be a mor- 
phism of almost algebras. Then is a monomorphism if and only if 0n is injective; moreover, 
B\\/lm(A\\) ~ B\/A\, which is flat over An if and only if B/A is flat over A, by proposition 
2.3.27. 

We will find useful to study certain "almost idempotents", as in the following proposition. 

Proposition 3.1.4. A morphism : A — > B is unramified if and only if there exists an almost 
element es/ a £ B ®a B* such that 

e B/A = e B/A,' 

H) HB/A{e-B/A) = I; 

Hi) x ■ es/A = for all x E Ib/a*- 

Proof. Suppose that is unramified. We start by showing that for every e E m there exist 
almost elements e £ of B ®a B such that 

(3.1.5) e^ = e-e e Ate/A (e e ) = e • 1 /b/a* • e £ = 0. 

Since 5 is an almost projective -B 0^ £>-module, for every e E m there exists an "approximate 
splitting" for the epimorphism hb/a '■ B ®a B ^ B, i.e. a _B ®a 5-linear morphism m £ : 
B — > ®^ _B such that /ib/a o m £ = e • 1 B . Set e e = -u e o 1 : A — > B ®a B. We see that 
[iB/A^e) — £ • I- To show that = e ■ e E we use the £? ®^ fi-linearity of m £ to compute 

= e £ ■ u e (l) = u E (nB/A(e e ) • I) = u e (fi B /A(e e )) = e ■ e £ . 

Next take any almost element x of I b /a and compute 

x ■ e £ = x ■ u £ (l) = u £ (hb/a{x) ■ I) = 0. 

This establishes (3.1.5). Next let us take any other 5 E m and a corresponding almost element eg. 
Bothe-1— e £ and<5-l— eg are elements of Ib/a*, hence we have (S-l—eg)-e £ = = (e-l—e £ )-e s 
which implies 

(3.1.6) 5 ■ e £ = e ■ eg for all e, 8 E m. 
Let us define a map e B /A '■ ni ®y m — > B ®a -B* by the rule 

(3.1.7) £®5^5-e £ for all e, 5 E m. 

To show that (3.1.7) does indeed determine a well defined morphism, we need to check that 
5 ■ v ■ e £ = 5 ■ e v . £ and 5 ■ e £+£ / = 5 ■ (e £ + e £ i) for all e, e',5 E m and all v E V. However, both 
identities follow easily by a repeated application of (3.1.6). It is easy to see that e B /A defines an 
almost element with the required properties. 

Conversely, suppose an almost element e B /A of B ® A B is given with the stated properties. 
We define u : B — > B ® A B by b i— > e B /A • (1 ® b) (b E B*) and v = /jLb/a- Then (iii) says that 
u is a B ® A _B-linear morphism and (ii) shows that v o u — 1 B . Hence, by lemma 2.3.12, is 
unramified. □ 

Corollary 3.1.8. Under the hypotheses and notation of the proposition, the ideal I = Ib/a has 
a natural structure of A-algebra, with unit morphism given by \j/ A = Xb® a b/a ~~ e B/A and 
whose multiplication is the restriction of \ib® a b/a to I. Moreover the natural morphism 

B® a B—>I b /a®B x h-> (x ■ l I/A © hb/a(x)) 

is an isomorphism of A-algebras. 

Proof. Left to the reader as an exercise. □ 
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3.2. Almost traces. Let A be an almost V-algebra. For any integer n > 0, the standard direct 

e A tt a 

sum decomposition of A n determines uniquely A-linear morphisms A — A n A (for 
i, j = 1, n) such that nf o ef = 5^ • 1 A for all i,j and X^Li e ^ ° n f = l^ n - ^ e can men 
define a natural zrace homomorphism 

n 

(3.2.1) Tr : a\Hom A (A n , A n ) — > A ^^^vrfo^oef 

i=i 

which is an A-linear morphism. For any 0, -0 G a\Hom A (A n , A n ) * we have Tr(0 o ip) — 
Tr(?/> o 0). It follows easily that Tr is independent of the given direct sum decomposition of A n . 
More generally, suppose that M is an almost projective almost finitely generated A-module. 
Then for any e G m we can find n = n(e) and morphisms 

(3-2.2) .1/ — .1" — .1/ 

such that w £ o m £ = e ■ 1 M . Let E(M) = alHom j4 (M, M); notice that E(M)* is naturally 
isomorphic to Honi4(M, M). We consider the A-linear morphism 

(3.2.3) t £ :E(M)^A h-» Tr(w e o o Ue ) (0 G E(M)*). 

Now, pick any other 5 G m. We compute 

£ • t 5 (0) = e ■ Tr(w 5 o o v 5 ) = Tr(w 5 o v £ o w e o o w 5 ) 

= Tr(w e o^o^oujOi) £ ) = J- Tr(w e o o t> £ ) = <5 • t e (0). 

This allows us to define a map 

t M /A '■ tn ®y m <gy E(M)* — > A* 

by setting e <g> 5 <g> <j> *—> e • ts((f)). We leave to the reader the verification that tM/A is well defined 
and does not depend on the choice of It induces a morphism E(M) — > A that we denote 
again by rj^/^ and we call the almost trace morphism for the almost A-module M. 

Let / G M*, m G M* and define /iTra G E(M)„ by the formula 0/, m (m') = /(m') ■ m for 
all m' G M*. We have the following : 

Lemma 3.2.4. WzY/z ?/ze above notation : tM/A(<f>f,m) — f( m )- 

Proof. Let / : M — > A and m : A — > M be given. Obviously we have 0/ >m = m o f and 
/(m) — f o m. Pick morphisms w £ and i> £ as in (3.2.2). Using the foregoing notation, we can 
write : 

* e (0/,m) = ELil^ o m £ o m) o (/ o v e o ef ) 

= ELl(/ ° U e ° e f) ° ° U e ° m ) 

= /oti £ o-u e om = £./om 
from which the claim follows directly. □ 

Lemma 3.2.5. Let M and N be almost finitely generated almost projective A-modules, and 
: M — > N, ip : N — > M two A-linear morphisms. Then : 

i) t M /A(ip ° 0) = t N/A (<f> o 

ii) If %p o ip = a ■ 1m and o -0 = a • In for some a G A*, anJ z/J furthermore, there exist 
u G End^M), t> G End^(iV) such that v o = o -u, z/ien a • (£m/a(w) — tN/ A (v)) = 0. 

Proof, (i) is left to the reader as an exercise. For (ii) we compute using (i) : a ■ t M / A ( u ) = 

tM/A(lp O O M ) = t M /A(i> ° V O 0) = tjv/Atv O O ^) = a ■ t N / A (v). □ 

Proposition 3.2.6. Let M = (0 — > Mi A M 2 M 3 — > 0) Z>e an exact sequence of almost 
finitely generated almost projective A-modules, and let u = (ui,U2,u^) : M — > M be an 
endomorphism of M, given by endomorphisms Ui : Mi — > Mi (i = 1,2, 3 J. Then we have 

£m 2 /a(«2) = *Mi/a(wi) + *M 3 /a(u3)- 
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Proof. Suppose first that there exists a splitting s : M 3 — > M 2 for p, so that we can view u 2 



as a matrix 



, where v G Honu(M 3 , Mi). By additivity of the trace, we are then 



U\ v 

u 3 

reduced to show that t M2 / A (io v op) = 0. By lemma 3. 2.5(i), this is the same as t M3 / A (poiov), 
which obviously vanishes. In general, for any a G m we consider the morphism /x a = a • 1m 3 
and the pull back morphism M * n a — » M : 







Mi 



Mi 



M 2 



-M 3 
-M, 







Then M * /i a is a split exact sequence with the endomorphism u * fx a = (wi, t>, w 3 ), for a 
certain v G End^(P). The pair of morphisms (a • l M2 ,p) induces a morphism ^ : M 2 — > P, 
and it is easy to check that o ip = a ■ 1m 2 an d ip o <fi = a ■ lp. We can therefore apply 
lemma 3.2.5 to deduce that a ■ (t P / A (v) — t M / A (u)) = 0. By the foregoing we know that 

tp/Aiy) = t Ml / A {ui) + t Mz /A{uz), so the claim follows. □ 

Suppose now that B is an almost finitely generated almost projective A-algebra. For any 
b G £>*, denote by fi b : B — > B the P-linear morphism b' t— > b • b' . The map b i— > pL b defines a 
P-linear monomorphism fj, : B — > E{B). The composition 

Tr B /A = t B /A ° n : B ->• A 
will also be called the almost trace morphism of the A-algebra B. 

Proposition 3.2.7. Let A and B be as in the above discussion, 
i) If (j) : A ^ B is an isomorphism, then Txb/a — ( t ) l - 



ii) IfC any other A-algebra, then Tt c ^ a b/c 



*-c ^a 



Tr 



b/a- 



Hi) IfC is an almost projective almost finite B-algebra, then Ttc/a — T^b/a ° Ttc/b- 
Proof, (i) and (ii) are left as exercises for the reader. We verify (iii). For given e, 5 G m pick 



morphisms B - 
If we set uf m 



. A n B and C 
u £ ® A 1a™, u'l £ = 



B m C such that v F ou 

A n 



S s o vf m : A n ® A A n 



uf m o u' s : C 



A n 



e-\ B andf iou' s = 5-1 



c- 



,9m 



v £ ® A \ A m and 



C then we have v$ £ o u$ s 



t £ ,B/A 
ts,C/B 
tSe,C/A 

Using (3.2.1) we can write 



B 

C 
C 



A 
B 
A 



e ■ 5 ■ lc- Define 

Tr(w £ o p b o v e ) 



c ^ Tr(u' 5 o /i c o v' 5 ) 
ci->Tr(t4oji c ou£). 



t S e,C/A(c) = ^2(nf® A 7l< 



o u's £ ofi c o v " 5e o ( e f 



Trf ) o M f m o ^ o // c o v' s o vf m o ( e f 



n,m 

^ 7rf o -u £ o 7r^ o u' s o fi c o v' s o ef ov £ o ef 
^7rf o m £ o t s ,c/B(c) ov £ oef 

i=l 



= t £ ,B/A ° ts,C/B(c) 

which implies immediately the claim. 



□ 
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Corollary 3.2.8. Let A — > 73 be a faithfully flat almost finitely presented and etale morphism 
of almost V -algebras. Then Ty b / A : 73 — > A is an epimorphism. 

Proof. Under the stated hypotheses, B is an almost projective A-module (by proposition 2.3. 15). 
Let C = Coker(TrB/^) and Ttb/b® a b the trace morphism for the morphism of almost V- 
algebras hb/a- By faithful flatness, the natural morphism C — > C ® A B = C6ker(TrB® A B/B) 
is a monomorphism, hence it suffices to show that Tr B ® A B/B is an epimorphism (here B ® A B 
is considered as a 73-algebra via the second factor). However, from proposition 3.2.7(i) and (iii) 
we see that Ttb/b® a b is a right inverse for Tt b ® a b/b- The claim follows. □ 

It is useful to introduce the A-linear morphism 

tr B /A = Tr B/A o fj, B/A : B © A 73 -> A. 

We can view tr B / A as a bilinear form; it induces an A-linear morphism 

T Bj A : 73 ^ 73* = alHom A (73, A) 

characterized by the equality tr B / A (bi <g> b 2 ) — T B / A (bi)(b 2 ) for all 61,62 € -B*- We say that 
tr B / A is a perfect pairing if t b / A is an isomorphism. 

Theorem 3.2.9. An almost projective and almost finite morphism <fi : A — > 73 of almost V- 
algebras is etale if and only if the trace form tr B /A Is a perfect pairing. 

Proof. Suppose that is etale. Let e B / A be the idempotent almost element of B ® A B provided 
by proposition 3.1.4. We define a morphism a : 73* — > 73 by / 1— > (/ ® A ls)(es/A). To 
start with, we remark that both t b / A and er are 73-linear morphisms (for the natural 73-module 
structure of 73* defined in remark 2.3.18). Indeed, let us pick any b, b', b" E 73*, f E B* and 
compute directly 

(6 • r B/A (b'))(b") = r B/A (b')(bb") = Tr B/A (bb'b") = (r B/A (bb'))(b"). 

b ■ a(f) = b-(f(g) A l B )(e B/A ) = (/ © A 1b)((! b/a © b) ■ e B/A ) 
= {f®A U){{b®l B/A )-e B/A ) = ((&•/) © A l B )(e B/A ) 
= *(&•/)■ 

Next we show that a is a left inverse for t b i A . In fact, let 6 G 73*. We have 

o" r B/A (b) = (r B/A (b) ® A l B )(e B/A ) = (Tr B/A ® A l B )((b <g> 1 B/A ) • e B/j4 ) 
= Tt b ® aB / b ((1 b/a ® & ) • e B/i) = b ■ Tr mAB / B (e B / A ). 

Therefore it suffices to show that Tr B ® AB / B (e B / A ) = 1. However, by hypothesis is unrami- 
fied, hence corollary 3.1.8 gives a decomposition B ® A B ~ B ® I B / A such that e B / A acts as 
the identity on the first factor and as the zero morphism on the second factor. 

Now, let X = Ker(er). From the above we derive a 73-linear isomorphism B* ~ B © X. We 
dualize and apply lemma 2.3.23(H) to obtain another 73-linear isomorphism 

(3.2.10) 73 ~ (73*)* ~ (B © X)* ~ 73* © X* ~ 73 © X © X*. 

Finally, composing the isomorphism (3.2.10) with the projection on the first factor, we get a 
split 73-linear epimorphism 73 — > 73, hence a surjective 73*-linear morphism 73* — > 73*. Such a 
morphism is necessarily an isomorphism, and, tracing backward, the same must hold for tbm. 

Conversely, suppose that the trace form is a perfect pairing. By lemma 2.3.23(i) the natural 
morphism a : 73* ® A 73 — > alHom B (73 © A 73, 73) is an isomorphism and one verifies easily that 
Oio(r B / A ® A l B ) = T~B<g> A B/B- In particular t b® a b/b is also an isomorphism. The multiplication 
gives an almost element fi B / A E alHom B (73 © A 73, 73)*; let e = t b ^ aB / b (^b/a)- We derive 

(3.2.11) Tr mAB / B (e) = r B ® AB / B (e)(l mAB ) = Hb/a{1 b ® a b) = 1b/ a- 
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Furthermore, we have already remarked that t b /a is a _B-linear morphism, hence t b<S)aB / b is a 
B ®a -B-linear morphism. Consequently, for any almost element x of B ® A B we have 

t~b® a b/b(x ■ e) = x ■ T mAB/B (e) = x ■ fj, B/A = fi B / A (x) • Hb/a = Hb/a{x) • r B ® A B/B{e). 
Since by hypothesis t b / A is an isomorphism, this implies 

(3.2.12) x ■ e — hb/a{x) • e. 

Consider the morphism // e : B ® A B — > B ® A B defined by x i— > e • x; then /i e is _B-linear (for 
the 5-module structure defined by the second factor). Applying (3.2.12) and lemma 3.2.4 we 
conclude that t b® a b/b (/^e) = ^b/a{^)- On the other hand, (3.2.1 1) says that this trace is equal 
to \ B / A , hence 

(3.2.13) p, B/A (e) = 1 B/A . 

Let (3 : B — > 5 0^ _B be defined as 6 i— > 6 • e. From (3.2.12) we see that both /3 and pL B / A 
are 5 (£u £>-linear morphisms and from (3.2.13) we know moreover that fi B / A o (3 = 1 B . By 
lemma 2.3.12 we deduce that B is an almost projective B ® A 5-module, i.e. <p is unramified, 
as claimed. □ 

Definition 3.2.14. The nilradical of an almost algebra A is the ideal nil(A) = nil(A») a (where, 
for a ring R, we denote by ml(R) the ideal of nilpotent elements in R). We say that A is reduced 
ifnil(A) ~ 0. 

Notice that, if R is a V-algebra, then every nilpotent ideal in R a is of the form I a , where I 
is a nilpotent ideal in R (indeed, it is of the form I a where / is an ideal, and m • / is seen to 
be nilpotent). It follows easily that nil (A) is the colimit of the nilpotent ideals in A; moreover 
nil(_R) a = nil(i? a ). Using this one sees that A/ml(A) is reduced. 

Proposition 3.2.15. Let A — > B be an etale almost finitely presented morphism of almost al- 
gebras. If A is reduced then B is reduced as well. 

Proof. Under the stated hypothesis, B is an almost projective A-module (by virtue of proposi- 
tion 2.3.15(ii)). Hence, for given e E m, pick a sequence of morphisms B A 11 B such 
that v £ o u £ = e ■ 1 B ; with the notation of (3.2.3), define v h : A n — > A n by v h = v £ o p, b o u e , so 
that t £ (b) = Tr(i/ b ). One verifies easily that v™ = e' m ~ l ■ v b m for all integers m > 0. 

Now, suppose that b e ml(B^). It follows that b m = for m sufficiently large, hence v™ — 
for m sufficiently large. Let p be any prime ideal of A*; let n : A* — > A^/p be the natural 
projection and F the fraction field of A* /p. The F-linear morphism v bif ® A „ If is nilpotent on 
the vector space F n , hence n oTr (i/f,*) = Tr^* ®a* If) = 0. This shows that Tx{v bjf ) lies in the 
intersection of all prime ideals of A*, hence it is nilpotent. Since by hypothesis A is reduced, we 
get Tr(u b ^) = 0. Finally, this implies Tr B / A (b) = 0. Now, for any b' e B*, the almost element 
66' will be nilpotent as well, so the same conclusion applies to it. This shows that r B / A (b) = 0. 
But by hypothesis B is etale over A, hence theorem 3.2.9 yields b = 0, as required. □ 

Remark 3.2.16. Let M be an A-module. We say that an almost element a of A is M-regular 
if the multiplication morphism m h- > am : M — ► M is a monomorphism. Assume (A) (cf. 
section 2.1) and suppose furthermore that m is generated by a multiplicative system y which is 
a cofiltered semigroup under the preorder structure (j^, >-) induced by the divisibility relation 
in V. We say that ^is archimedean if, for all s,i 6 y there exists n > such that s n >- t. 
Suppose that y is archimedean and that A is a reduced almost algebra. Then y consists of 
A-regular elements. Indeed, by hypothesis nil(A lt ) a = 0; since the annihilator of ^in A* is 
we get nil(j4*) = 0. Suppose that s ■ a = for some s e yand a E A*. Let t E ybe arbitrary 
and pick n > such that t n y s. Then (ta) n = hence ta — for all t E y, hence a = 0. 
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3.3. Lifting theorems. Throughout the following, the terminology "epimorphism of V a -alge- 
bras" will refer to a morphism of V a -algebras that induces an epimorphism on the underlying 
\/ a -modules. 

Lemma 3.3.1. Let A — > B be an epimorphism of almost V -algebras with kernel I. Let U be 
the A-extension — > I / 1 2 — > A/ 1 2 — > B — > 0. TTzen the assignment f i— > / * [/ defines a 
natural isomorphism 

(3.3.2) Homg(/// 2 , M) -^-^ ExaL^S, M). 

Proo/ Let X = (0 -> M -> E -4 B -> 0) be any A-extension of £? by M. The composition 
g : A — > .E — > £> of the structural morphism for i£ followed by p coincides with the projection 
A — > 5. Therefore (?(/) C M and g(/ 2 ) = 0. Hence <? factors through A/I 2 ; the restriction of g 
to 1 1 1 2 defines a morphism / e Hom B (/// 2 , M) and a morphism of A-extensions / * [/ — > X. 
In this way we obtain an inverse for (3.3.2). □ 

Now consider any morphism of A-extensions 



B : >/ 




(3.3.3) 

C : J C C 

The morphism u induces by adjunction a morphism of C -modules 
(3.3.4) C <g> Bo I —> J 

whose image is the ideal I ■ C, so that the square diagram of almost algebras defined by / is 
cofibred (i.e. C ~ C Cg>B B ) if and only if (3.3.4) is an epimorphism. 

Lemma 3.3.5. Let f : B — > C be a morphism of A-extensions as above, such that the corre- 
sponding square diagram of almost algebras is cofibred. Then the morphism f : B — > C is flat 
if and only if fo : Bq — > Co is flat and (3.3.4) is an isomorphism. 

Proof. It follows directly from the (almost version of the) local flatness criterion (see [18] Th. 
22.3). □ 

We are now ready to put together all the work done so far and begin the study of deformations 
of almost algebras. 

The morphism u : / — > J is an element in Hom Bo (J, J); by lemma 3.3.1 the latter group is 
naturally isomorphic to Exal B (_B , J). By applying transitivity (theorem 2.4.18) to the sequence 

fo 

of morphisms B — > B -4- C we obtain an exact sequence of abelian groups 

Exal Bo (C , J) -> Exab(Q,, J) -> Hom Bo (J, J) ^ 1M£ „(L 0o/Bo , J,). 

Hence we can form the element lj(B, f ,u) = d(u) G Ext 2 ^,, (L Co /b , J\)- The proof of the 
next result goes exactly as in [14] (III. 2. 1.2. 3). 

Proposition 3.3.6. i) Let the A-extension B, the Bo-linear morphism u : I — > J and the 

morphism of A-algebras fo : -Bo - ► Co &e gzven a* above. Then there exists an A-extension C 
and a morphism f : B — > C completing diagram (3.3.3) if and only ifu(B, fo,u) = 0. (i.e. 
a;(-E>, /o, «) w ?/ze obstruction to the lifting of B over f .) 

ii) Assume that the obstruction u(B, fo, u) vanishes. Then the set of isomorphism classes of 
A-extensions C as in ( i) forms a torsor under the group Exal Bo (Co, J) (— Ext^ (Lc /b > J\))- 

Hi) The group of automorphisms of an A-extension C as in ( i) is naturally isomorphic to 
Der Bo (C , J) (~ Ext£ 0!! (L Co/Bo , J\)). □ 
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The obstruction cu(B, / , u) depends functorially on u. More exactly, if we denote by 

u(B, f ) e Ext^ o!! (L Co/Bo , (C ®s 



the obstruction corresponding to the natural morphism I 
morphism u : I — > J we have 



Co ®b ^> then for any other 



u(B,f ,u) = v\ ow(B,/ ) 
where t> is the morphism (3.3.4). Taking lemma 3.3.5 into account we deduce 

Corollary 3.3.7. Suppose that B — > C is flat. Then 

i) The class u(B, f ) is the obstruction to the existence of a flat deformation of C over B, 
i.e. o/a B-extension C as in (3.3.3) such that C is flat over B and C ®b B — > Co is an 
isomorphism. 

ii) If the obstruction uj(B, /o) vanishes, then the set of isomorphism classes of flat deforma- 
tions of Co over B forms a torsor under the group Exal Bo (Co, Co <S>b I)- 

Hi) The group of automorphisms of a given flat deformation of C over B is naturally iso- 
morphic to Der B() (C , C ®b I). □ 

Now, suppose we are given two A-extensions C 1 , C 2 with morphisms of A-extensions 
B : > I > B > Bo > 



r 
c i ■ 







c i 



ci 



o 



and morphisms v : J 1 — > J 2 , g : Cq — > C5 2 such that 

(3.3.8) w 2 = v o m 1 and / 2 = # /o 1 

We consider the problem of finding a morphism of A-extensions 

C 1 : J 1 C 1 - 



Co 1 



(3.3.9) 



9 

C 2 : 

?1 







J 



c 



so 



r 2 



^rExt^ijLci/B.J, 1 ; 
*# :Ext^(Lcg /B , J 2 ; 



such that f = g o f . Let us denote by e(C J ) G Ext^ (L c »/ B , Ji 1 ) the classes defined by the 
5-extensions C 1 , C 2 via the isomorphism of theorem 2.4.17 and by 

the canonical morphisms defined by t> and g - Using the natural isomorphism 

ExX k u ( h ^ /B, J?) * Ext^C 2 , ® c i m Lcg/B, J 2 ) 

we can identify the target of both v* and *g with Ext^i ! (L c i/ B , J 2 ). It is clear that the problem 

admits a solution if and only if the A-extensions v * C 1 and C 2 * g coincide, i.e. if and 
only if v * e(C l ) — e(C 2 ) * g — 0. By applying transitivity to the sequence of morphisms 
5 — > S — > Cq we obtain an exact sequence 

^c^CoVBo, J i) ^ Ext q„(Lc VB, ^i 2 ) - Hom^Co 1 ® So /, J 2 ) 
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It follows from (3.3.8) that the image of v*e(C l ) — e(C 2 ) *g in the group Hom c i (Cq <S>b I, J 2 ) 
vanishes, therefore 

(3.3.10) v * e(C l ) - e(C 2 ) * g G Ext^i/L^, J 2 ). 

In conclusion, we derive the following result as in [14] (III.2.2.2). 

Proposition 3.3.11. With the above notations, the class (3.3.10) is the obstruction to the exis- 
tence of a morphism of A-extensions g : C 1 — > C 2 as in (3.3.9) such that f 2 = go f 1 . When the 
obstruction vanishes, the set of such morphisms forms a torsor under the group Der Bo (Cg, J 2 ) 
( the latter being identified with Ext C 2 (Cq M <8> c i ! h c i j Bo , J 2 ) ). □ 

For a given almost V-algebra A, we define the category w.Et(A) as the full subcategory of 
A-Alg consisting of all weakly etale A-algebras. Notice that, by lemma 3. 1.2(iv) all morphisms 
in w.Et(A) are weakly etale. 

Theorem 3.3.12. i) Let A — > B be a weakly etale morphism of almost algebras. Let C be any 
A-algebra and I C C a nilpotent ideal. Then the natural morphism 

Hom A . Alg (5, C) -> Hom A . Alg ( J B, C/I) 

is bijective. 

ii) Let Abe a V a -algebra, I C A a nilpotent ideal and A' = A/ 1. Then the natural functor 

w.Et(A) -> w.Et(A') (0 : A — > S) h-> (1 A , ® A : A' -> A' ® A 5) 
an equivalence of categories. 

Hi) The equivalence of(ii) restricts to an equivalence Et(A) — > Et(A'). 

Proof. By induction we can assume J 2 = 0. Then (i) follows directly from proposition 3.3.11 
and theorem 2.4.23. We show (ii) : by corollary 3.3.7 (and again theorem 2.4.23) a given 
weakly etale morphism 0' : A' — > 5' can be lifted to a unique flat morphism : A — > B. 
We need to prove that is weakly etale, i.e. that 5 is 5 ®a -B-fiat. However, it is clear that 
Hb'/a 1 '■ B' <S>a' B' — > B' is weakly etale, hence it has a flat lifting Ji : B ® A B — > C. Then 
the composition A ^ B ®a B — > C is flat and it is a lifting of 0'. We deduce that there is an 
isomorphism of A-algebras a : 5 — > C lifting 1 and moreover the morphisms 6 i— > Jl(b <E> I) 
and 6 i— > /i(l <g> 6) coincide with a. Claim (ii) follows. To show (iii), suppose that A' — > B' 
is etale and let Ib'/a' denote as usual the kernel of /ib'/A'- By corollary 3.1.8 there is a natural 
morphism of almost algebras B' ®a> B' — > Is 1 /a 1 which is clearly etale. Hence I B > /a' lifts to 
a weakly etale B ®a -B-algebra C, and the isomorphism B' ® a' B' ~ Ib> /a> © -B' lifts to an 
isomorphism B ® A 5 ~ C © B of -B 0^ _B-algebras. It follows that B is an almost projective 
B ®a B-module, i.e. A — > 5 is etale, as claimed. □ 

We conclude with some results on deformations of almost modules. These can be established 
independently of the theory of the cotangent complex, along the lines of [14] (IV.3.1.12). 

We begin by recalling some notation from loc. cit. Let R be a ring and J C R an ideal with 
J 2 = 0. Set Rl = R/J; an extension of i?-modules M = (0 -> K -> M M' -> 0) where K 
and M' are killed by J, defines a natural morphism of /^'-modules u(M) : J 0^' M' ^ K such 
that m(M)(x ® m') = xm for x E J, m E M and p(m) = m'. By the local flatness criterion 
([18] Th.22.3) M is flat over R if and only if M' is flat over R' and u(M) is an isomorphism. 
One can then show the following. 

Proposition 3.3.13. (cp. [14] (TV.3.1.5)) 

i) Given R' -modules M' and K and a morphism v! : J <S>r' M' — > K there exists an obstruc- 
tion u(R, u') E Ext 2 R ,(M', K) whose vanishing is necessary and sufficient for the existence of 
an extension of R-modules M_ of M' by K such that u(M) = u'. 
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ii) When u(R, u') = 0, the set of isomorphism classes of such extensions M forms a torsor 
under Ext^, (M 1 , K); the group of automorphisms of such an extension is Hom^/ (M f , K). □ 

Lemma 3.3.14. Let A — > B be a finite morphism of almost algebras with nilpotent kernel. Let 
(f) : M — > N be an A-linear morphism and set <p B — ®a 1b : M <S>a B —> N ®a B. Then 
there exists m > such that 

i) Ann A (Coker(0 i? )) m C Ann A (Coker(0)). 

ii) (Ann y (Ker(0 B )) • Ann y (Torf (B,N)) • Ann y (Coker(0))) m C Ann A (Ker(0)). 

If B = A/ 1 for some nilpotent ideal I, and I n = 0, then we can take m = nin (i) and (ii). 

Proof. Under the assumptions, we can find a finitely generated A*-module Q such that m- 5* C 
Q C -B*. By [12] (1.1.5), there exists a finite filtration = J rn C ... C J\ C J = A* such that 
each Jj/ J i+1 is a quotient of a direct sum of copies of Q. This implies that, for every A-module 
M, we have 

(3.3.15) Ann A (M ® A B) m C Ann A (M). 

(i) follows easily. Notice that if B = A/I and I n = 0, then we can take m = n in (3.3.15). 

L 

For (ii) let C* = Cone(0). We estimate H = H 1 (C'®aB) in two ways. By the first spectral 
sequence of hyperhomology we have an exact sequence Torf (N, B) — > H — > Ker(0 B ). By the 
second spectral sequence for hyperhomology we have an exact sequence Torjf (Coker(0), B) — > 
Ker(0) ®a B ^ H . Hence Ker(0) ®a B is annihilated by the product of the three annihilators 
in (ii) and the result follows by applying (3.3.15) with M = Ker(0). □ 

Lemma 3.3.16. Keep the assumptions of lemma 3.3.14, let M be an A-module and set M B = 

B® A M. 

i) If A — > B is an epimorphism, M is flat and Mb is almost projective over B, then M is 
almost projective over A. 

ii) If M B is an almost finitely generated B -module then M is an almost finitely generated 
A-module. 

Hi) //Torf (£> , M) = and M B is almost finitely presented over B, then M is almost finitely 
presented over A. 

Proof, (i) : we have to show that Ext\(M, N) is almost zero for every A-module N. Let 
/ = Ker(A — > B); by assumption I is nilpotent, so by the usual devissage we may assume 
that I ■ N = 0. If x e Ext^(M, N) is represented by an extension O-^N^Q^M^O 
then after tensoring by B and using the flatness of M we get an exact sequence of £>-modules 
— > N — > B ®a Q M B — > 0. Thus \ comes from an element of Ext^(M B , N) which is 
almost zero by assumption. 

(ii) : let m = (£i, ■■■,e m ) be a finitely generated subideal of m. By assumption there is a 
map (f)' : B r — > M B such that m • Coker(0') = 0. For all j < m the morphism Sj ■ 4>' lifts to a 
morphism 0j : A r -»■ M. Then0 = 0i©...©0 m : A rm -»■ M satisfies m§-Coker(0®A \ B ) = 0. 
By lemma 3.3.14(i) it follows m^ 1 ■ Coker(0) = for some n > 0. As m was arbitrary, the 
result follows. 

(iii) Let mo be as above. By (ii), M is almost finitely generated over A, so we can choose a 
morphism : A r — * M such that m • Coker(0) = 0. Consider 4> B = (f) <&a 1b : B r — > M B . By 
lemma 2.3.6, there is a finitely generated submodule N of Ker(0 B ) containing ■ Ker(0 s ). 
Notice that Ker(0) ® A B maps onto Ker(B r -> lm(0) ® A 5) and Ker(lm(0) ® A B ^ M B ) ~ 
Torf(£>, Coker(0)) is annihilated by mo- Hence mo ■ Ker(0#) is contained in the image of 
Ker(0) and therefore we can lift a finite generating set {x[ , . . . , x' n } for tUq • N to almost elements 
{xi, x„} of Ker(0). If we quotient A r by the span of these xu we get a finitely presented 
A-module F with a morphism : F — * M such that Ker(0 ®a B) is annihilated by mo and 
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Coker(0) is annihilated by m . By lemma 3.3. 14(ii) we derive m,Q m • Ker(0) = for some 
m > 0. Since m is arbitrary, this proves the result. □ 

Remark 3.3.17. (i) Inspecting the proof, one sees that parts (ii) and (iii) of lemma 3.3.16 hold 
whenever (3.3.15) holds. For instance, if A — > B is any faithfully flat morphism, then (3.3.15) 
holds with m — 1. 

ii) Consequently, if A — > B is faithfully flat and M is an A-module such that M B is flat (resp. 
almost finitely generated, resp. almost finitely presented) over B, then M is flat (resp. almost 
finitely generated, resp. almost finitely presented) over A. 

iii) On the other hand, we do not know whether a general faithfully flat morphism A — > B 
descends almost projectivity. However, using (ii) and proposition 2.3.15 we see that if the B- 
module M B is almost finitely generated almost projective, then M has the same property. 

iv) However, if B is faithfully flat and almost finitely presented as an A-module, then A — > B 
does descend almost projectivity, as can be easily deduced from lemma 2.3.23(i) and proposition 
2.3.15(H). 

Theorem 3.3.18. Let I be a nilpotent ideal of the almost algebra A and set A' = A/ 1. Suppose 
that m is a (flat) V -module of homological dimension < 1. Let P' be an almost projective A'- 
module. 

i) There is an almost projective A-module P with A' ®^ P ~ P'. 

ii) If P' is almost finitely presented, then P is almost finitely presented. 

Proof As usual we reduce to I 2 = 0. Then proposition 3.3.13(i) applies with R = A*, J = 
h, R' = A*/h, M' = P{, K = h ®r> P( and v! = l K . We obtain a class u(A*,u') G 
Ext R ,(P(, P <g) R > P{) which gives the obstruction to the existence of a flat A*-module F lifting 
P{. Since P{ is almost projective, we know that m • Ext^,(P/, P <S>r> P{) = 0, which says that 
= e ■ u(A*, v!) = uo(A*, e ■ u') for all e G m. In other words, for every e G m we can 
find an extension of A*-modules P^ of P[ by i* <8)r' P[ such that u(P £ ) = e ■ li,® Rl p;- Let 
Xe G Ext^(P,', P ®ri P() be the class of T\_. Notice that, for any 5 G m, 5 ■ Xe is the class of 
an extension X_ such that u(X_) = 5 ■ u(P s ) = 5 ■ e ■ 1/,® ,p/, hence, by proposition 3.3. 13(H), 
7 • (8 ■ Xe — Xs-s) = for all 7 G m. Hence we can define a morphism 

X : m <gy m <gy m -> Ext^ (P(, h® R > P() e <g> 5 <8> 7 h-> 5 ■ 7 • Xe- 

However, one sees easily that m ®y m ®y m ~ m and m (g>y P{ — P', hence we can view x as 
an element of Homy (m, Ext^ (P(, P <g> R , P()) and moreover we have a spectral sequence 

E\ q = Extern, Ext^ (P{, h ®a P{)) Ext^+^P,', h ® R , P{) 

with E\ q = for all p > 2 (this spectral sequence is constructed e.g. from the double complex 
Homy(P p , Hom^(Pg, I*® R 'P{)) where P. (resp. F'A is a projective resolution of m (resp. P[)). 
In particular, our x is an element in E^ 1 which therefore survives in the abutment as a class of 
E^. The latter can be lifted to an element x via the surjection Ext^ (P/, P ® R > P{) — > E^. Let 
— > P ® R i P[ — > Q — > P,' — > be an extension representing x- Checking compatibilities, we 
see that 5 ■ e ■ x = 8 • Xe f° r every e, S G m. Hence : P ®r' P' — > P ®r' P' coincides with 
the identity map on the submodule m • P <g> R i P{. Since m • P = P, we see that u(x) is actually 
the identity map. By the local flatness criterion, it then follows that Q is flat over R, hence the 
A-module P = Q a is a flat lifting of P', so it is almost projective, by lemma 3.3. 16(i). Now (ii) 
follows from (i), lemma 3.3.16(H) and proposition 2.3.15(i). □ 

Remark 3.3.19. (i) According to proposition 2. 1 . 10(ii), theorem 3.3.18 applies especially when 
m is countably generated as a V-module. 

(ii) For P and P' as in theorem 3.3.18(H) let op : P — > P' be the projection. It is natural to ask 
whether the pair (P, o>) is uniquely determined up to isomorphism, i.e. whether, for any other 
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pair (Q, ctq : Q — > P') for which theorem 3.3.18 holds, there exists an A-linear isomorphism 
: P — > Q such that <jq o <fi = a P . The answer is negative in general. Consider the case 
P' = A'. Take P = Q = A and let a P be the natural projection, while <7q = [u 1 ■ \a>) ° o>, 
where u' is a unit in A'^. Then the uniqueness question amounts to whether every unit in A'^ 
lifts to a unit of A*. The following counterexample is related to the fact that the completion of 
the algebraic closure Q p of Q p is not maximally complete. Let V = Z p , the integral closure of 
Z p in Q p . Then V is a non-discrete valuation ring of rank one, and we take m as in example 
2.1. l(i), A = (V/p 2 V) a and A' = A/pA. Choose a compatible system of roots of p. An 
almost element of A' is just a ^-linear morphism <p : colimp^V — > V/pV . Such a <\> can be 

represented (in a non-unique way) by an infinite series of the form Y^Li UnP 1 ' 1 ^' i a n £ V). 
The meaning of this expression is as follows. For every m > 0, scalar multiplication by the 
element Yl™=i o-nP 1 ' 1 ^ 1 £ V defines a morphism 4> m : p^l^-V — > V/pV. For m' > to, let 
jm,m' : p 1,/m! V — > p 1 /" 1 ' V be the imbedding. Then we have <f> m > o j m ,m' = 4>m, so that we can 
define = colim <f> m . Similarly, every almost element of A can be represented by an expression 

m>0 

of the form a + Y^=i <W 2_1 ^ n! - Now, if a : A — > A' is the natural projection, the induced map 
a - * : A* — > AJ, is given by: a + Yl^Li ^nP 2 X ^ nX a o- In particular, its image is the subring 
V jp C iy/p)* = A[. For instance, the unit J2™=i p 1 ^ 1 ^' of does not lie in the image of this 
map. 

In the light of the above remark, the best one can achieve in general is the following result. 

Proposition 3.3.20. Assume (A) (see section 2.1) and keep the notation of theorem 3.3.18. 
Suppose moreover that (Q, oq : Q — > P') and (P, ap : P — > P') are two pairs as in remark 
3.3.19. Then for all e G m there exist A-linear morphisms t £ : P — > Q ««<i s £ : Q ^ P such 
that 

PQ( e \ a Q ot £ = e ■ a P a P o s £ = e ■ a Q 

s £ ot £ = e 2 ■ 1 P t £ os £ = e 2 ■ 1 Q . 

Proof. Since both Q and P are almost projective and o>, <7q are epimorphisms, there exist 
morphisms t £ : P — > Q and s £ : Q ^ P such that uq ot £ = e ■ a P and d P os £ = e • oq. 
Then we have o> o (s e o t £ — e 2 ■ \ P ) = and gq o (t £ o s £ — e 2 o 1 Q ) = 0, i.e. the morphism 
u £ = e 2 ■ lp — s £ o t £ (resp. v £ = e 2 ■ 1q — 1 £ o s £ ) has image contained in the almost submodule 
IP (resp. IQ). Since I m = this implies u™ = and -y™ = 0. Hence 

m— 1 

£ -lp = (£lp) -U £ ={2_^ £ U e )OS £ ot £ . 

a=0 

Define s (2m _ 1)£ = (E^ £ 2a < _1_a _) ° s e . Notice that s (2ro _ 1)e = s £ o (E^ 1 £ 2 X m_1_a )- 
This implies the equalities S( 2m _i) £ o t £ — e 2m ■ 1 P and t £ o S( 2m _i) e = e 2m ■ 1q. Then the pair 
(s(2m-i)e) e 2 ^" 1-1 ) • i e ) satisfies PQ(e 2m_1 ). Under (A), every element of m is a multiple of an 
element of the form £ 2m_1 , therefore the claim follows for arbitrary e E m. □ 

3.4. Descent. Faithfully flat descent in the almost setting presents no particular surprises: 
since the functor A i— > An preserves faithful flatness of morphisms (see remark 3.1.3) many 
well-known results for usual rings and modules extend verbatim to almost algebras. So for 
instance, faithfully flat morphisms are of universal effective descent for the fibred categories 
F : V a -Alg.Mod° -> V a -Alg° and G : \/ a -Alg.Morph° -> \/ a -Alg° (see definition 2.4.12: 
for an almost V-algebra B, the fibre Fb (resp. Gp) is the opposite of the category of fi-modules 
(resp. £>-algebras)). Then, using remark 3.3.17, we deduce also universal effective descent for 
the fibred subcategories of flat (resp. almost finitely generated, resp. almost finitely presented, 
resp. almost projective almost finitely generated) modules. Likewise, a faithfully flat morphism 
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is of universal effective descent for the fibred subcategories Et — > V a -A\g° of etale (resp. 

/ O 

w.Et — > \/ a -Alg° of weakly etale) algebras. 

More generally, since the functor A i— > An preserves pure morphisms in the sense of [20], 
and since, by a theorem of Olivier (loc. cit.), pure morphisms are of universal effective descent 
for modules, the same holds for pure morphisms of almost algebras. 

Non-flat descent is more delicate. Our results are not as complete here as it could be wished, 
but nevertheless, they suffice for current applications (namely, for the cases needed in [6]). 

Our first statement is the almost version of a theorem of Gruson and Raynaud (cp. [13] (Part 
II, Th. 1.2.4)). 

Proposition 3.4.1. A finite monomorphism of almost algebras descends flatness. 

Proof. Let : A — > B be such a morphism. Under the assumption, we can find a finite A»- 
module Q such that m • B* C Q C £>*. One sees easily that Q is a faithful A* -module, so by 
[13] (Part II, Th. 1.2.4 and lemma 1.2.2), Q satisfies the following condition : 

(3 4 2) If (0 ^ ^ ^ ^ -P ^ 0) i s an exact sequence of A*-modules with L flat, such 
that Im(iV <S>a» Q) is a pure submodule of L <S>a„ Q, then P is fiat. 

Now let M be an A-module such that M ®a B is flat. Pick an epimorphism p : F — > M with F 
free over A. Then Y_ = (0 — > Ker(p (gu 1 B ) — > F ®a B — > M ®^ — > 0) is universally exact 
over £?, hence over A. Consider the sequence X_ = (0 — > Im(Ker(p)i 0^ Q) — * Fi 0^ Q — > 
M ®a» Q — >■ 0). Clearly X_ a ~ F. However, it is easy to check that a sequence E of A-modules 
is universally exact if and only if the sequence Ej is universally exact over A*. We conclude 
that X_ = (X_ a )\ is a universally exact sequence of A*-modules, hence, by condition (3.4.2), M\ 
is flat over A*, i.e. M is flat over A as required. □ 

Corollary 3.4.3. Let A — > B be a finite morphism of almost algebras, with nilpotent kernel. If 
C is aflat A-algebras such that C ®a B is weakly etale (resp. etale) over B, then C is weakly 
etale (resp. etale) over A. 

Proof. In the weakly etale case, we have to show that the multiplication morphism p : C ®a 
C — > C is flat. As N = Ker(A — > B) is nilpotent, the local flatness criterion reduces the 
question to the situation over A/N. So we may assume that A — > B is a monomorphism. Then 
C ®a C — > (C ® a C) ®a -B is a monomorphism, but p ®c® A c 1(c® a c)® a b is the multiplication 
morphism of C ®a B, which is flat by assumption. Therefore, by proposition 3.4.1, /j, is flat. 

For the etale case, we have to show that C is almost finitely presented as a C® ^C-module. By 
hypothesis C ®a B is almost finitely presented as a C ®a C ®a -B-module and we know already 
that C is flat as a C ®a C-module, so by lemma 3.3.16(iii) (applied to the finite morphism 
C ® A C -> C <S>a C <S>a B) the claim follows. □ 

Next we consider the following situation. We are given a cartesian diagram of almost algebras 



A fe A 

A >■ A 2 



(3.4.4) h 



A,^A 
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such that one of the morphisms Ai — > A 3 (i = 1,2) is an epimorphism. We denote by J(\ 
(resp. resp. ^, pro j) the category of all (resp. flat, resp. almost projective) Aj-modules, for 
% = 0, 3. Diagram (3.4.4) induces an essentially commutative diagram for the corresponding 
categories J(i, where the arrows are given by the "extension of scalars" functors. There follows 
a natural functor 
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from to the 2-fibred products of Jt\ and Ji 2 over ^# 3 . Recall (cp. [1] (Ch.VII §3)) that 
Jt\ x j£ z Ji 2 is the category whose objects are the triples (Mi, M 2 , £), where Mj is an Aj-module 
(i — 1,2) and £ : A 3 0^ Mi A A 3 ©^ M 2 is an A 3 -linear isomorphism. Given such an object 
(Mi, M 2 , £), let us denote M 3 = A 3 ©^ 2 M 2 ; we have a natural morphism M 2 — > M 3 , and £ 
gives a morphism Mi — >• M 3 , so we can form the fibre product T(Mi, M 2 , £) =MiX Ms M 2 . In 
this way we obtain a functor T:4x ..# 3 - ^2 — > • ^o, and we leave to the reader the verification 
that T is right adjoint to ir. Let us denote by e : — > T o 7r and 77 : 7r o T — > l^ lX me 

unit and counit of the adjunction. 

Lemma 3.4.5. The functor tt induces an equivalence of full subcategories : 

{X e Ob(^ )kx is an isomorphism} w > {Y e Ob(^#i x^ 3 ^ 2 )|?7y is an isomorphism} 
having T as essential inverse. 

Proof. General nonsense. □ 

Lemma 3.4.6. Let M be any A -module. Then e M is an epimorphism. If M is flat over A , e M 
is an isomorphism. 

Proof. Indeed, e M : M — > (A 1 ® Ao M) x As(g)A>M (A 2 ® Ao M) is the natural morphism. So, the 
assertions follow by applying — <S>Aq M to the short exact sequence of A -modules 

(3.4.7) -> A -A Ai © A 2 ^ A 3 -> 

where /(a) = (/i(a), / 2 (a)) and g(a, b) = g x (a) - g 2 (b). □ 

There is another case of interest, in which e M is an isomorphism. Namely, suppose that one 
of the morphisms A,- L — > A 3 (i = 1, 2), say Ai — > A3, has a section. Then also the morphism 
A — > A 2 gains a section s : A 2 — > A and we have the following : 

Lemma 3.4.8. In the above situation, suppose that the A -module M arises by extension of 
scalar s from an A 2 -module M', via the section s : A 2 — > A . Then Em is an isomorphism. 

Proof. Indeed, in this case, (3.4.7) is split exact as a sequence of A 2 -modules, and it remains 
such after tensoring by M'. □ 

Lemma 3.4.9. fj(M 1 ,M2,0 25 an isomorphism for all objects (Mi, M 2 , £). 

Proof. To fix ideas, suppose that A 1 — > A 3 is an epimorphism. Consider any object (Mi, M 2 , £) 
of ^#1 x Jt 2 . Let M = T(Mi, M 2 , £); we deduce a natural morphism 

: (M 8U Ai) x m ^ o a 3 (M ® Aq A 2 ) -> Mi x M3 M 2 

such that o £ M = 1 M . It follows that em is injective, hence it is an isomorphism, by lemma 
3.4.6. We derive a commutative diagram with exact rows : 

M (M © Ao Ai) © (M © Ao A 2 ) M ® Ao A 3 



> M Mi © M 2 M 3 > 0. 

From the snake lemma we deduce 

(*) Ker(0i) © Ker(0 2 ) ~ Ker(0 3 ) 

(**) Coker(0i) © Coker(0 2 ) ~ Coker(0 3 ). 

Since M 3 ~ Mi ® Al A 3 we have A 3 ® Al Coker(0i) ~ Coker(0 3 ). But by assumption A\ — > A 3 
is an epimorphism, so also Coker(0i) — > Coker(0 3 ) is an epimorphism. Then (**) implies 
that Coker(0 2 ) = 0. But 3 = l As ©a 2 02, thus Coker(0 3 ) = as well. We look at the 
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exact sequence — > Ker(0i) — > M ®a M — > Mi — > : applying A 3 (g> j4l — we obtain an 
epimorphism A 3 (g> j4l Ker(0i) — > Ker(0 3 ). From (*) it follows that Ker(0 2 ) = 0. In conclusion, 
02 is an isomorphism. Hence the same is true for 3 = 1a 3 ®a 2 4>2, and again (*), (**) show 
that 0i is an isomorphism as well, which implies the claim. □ 

Lemma 3.4.10. If (Ax x A 2 ) <S>a M is flat over A x x A 2 , then M is flat over A . 

Proof. Suppose that Ai — > A 3 is an epimorphism and let / be its kernel. Let A = A V \ x Am A 2 \u 
it suffices to show that M\ is a flat A-module. However, in view of proposition 2.3.27, the 
assumption implies that (Am x A 2 \\) <g>^ Mi is a flat Am x A 2 n-module. h is the kernel of the 
epimorphism Am — > A 3 u. Moreover, Ji identifies naturally with an ideal of A and A/L ~ A 2 m. 
Then the desired conclusion follows from [7] (lemma in loc. cit.). □ 

Proposition 3.4.11. The functor n restricts to equivalences : 

• ^O.proj — ► ^l,proj X ^ 3iProj ^2,proj- 

Proo/ The assertion for flat almost modules follows directly from lemmata 3.4.5, 3.4.6, 3.4.9 

and 3.4.10. Set B = A\ x A 2 . To establish the second equivalence, it suffices to show that, if 

P is an A -module such that B ®a P is almost projective over B, then P is almost projective 

over A , or which is the same, that alExt^ (P, N) ~ for all i > and any A -module 

N. We know already that P is flat. Let M be any A -module and N any 73-module. The 

L 

standard isomorphism RHom B (B® a M ', N) ~ i?Hom^ (M, N) yields a natural isomorphism 
alExt^S ® Ao M, N) ~ alEx4 (M,/V), whenever Torf (5, M) = for every j > 0. In 
particular, we have alExt^ o (P, N) ~ whenever AT comes from either an Ax-module, or an 
A 2 -module. For a general A -module N there is a 3-step filtration such that Fil (iV) = 0, 
gr^N) = Fill (N) = Ker(e N ),gr 2 (N) = Ker(Ai® Ao AT -> A 3 ® Ao /V) andgr 3 (JV) = A 2 ® Ao AT. 
By an easy devissage, we reduce to verify that alExt^ o (P, gr -(iV)) = for every « > and 
j = 1,2,3. However, gr 2 (iV) is an Ai-module and gr 3 (iV) is an A 2 -module, so the required 
vanishing follows for j = 2, 3. Moreover, applying — <g> a N to (3.4.7), we derive a short exact 
sequence : 



(3.4.12) - Torf°(N,A 2 ) - - 1 )J ^ - gr^iV) - 0. 



Tovf (N,A 3 ) 
Tor^(7V,Ai) 



Here again, the leftmost term of (3.4. 12) is an A 2 -module, and the middle term is an Ai-module, 
so the same devissage yields the sought vanishing also for j = 1. □ 

Corollary 3.4.13. In the situation of (3.4.4), denote by (resp. Etj, resp. w.EtJ the cate- 
gory of flat (resp. etale, resp. weakly etale) Ai-algebras. The functor n induces equivalences 
M),fl ^ M,fl x^ 3fl ^ 2 , fl Et Eti x tt3 Et 2 w.Eto ^ w.Eti x w . fit3 w.Et 2 . □ 

Next we want to reinterpret the equivalences of proposition 3.4.11 in terms of descent data. 
If F : — > F a - Alg° is a fibred category over the opposite of the category of almost algebras, 
and if X — > F is a given morphism of almost algebras, we shall denote by Desc(V, Y/X) 
the category of objects of the fibre category F Y , endowed with a descent datum relative to the 
morphism X — > F (cp. [9] (Ch.II §1)). In the arguments hereafter, we consider morphisms 
of almost algebras and modules, and one has to reverse the direction of the arrows to pass to 
morphisms in the considered fibred category. Denote by pi : F — > F ®x Y (i = 1,2), resp. 
Pij : F ®x F — > F ®x F ®x F (1 < % < j < 3) the usual morphisms. As an example, 
Desc(F a -Alg.Mod°, Y/X) consists of the pairs (M, (3) where M is a F-module and j3 is a 
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Y ® x Y-linear isomorphism (3 : p 2 {M) ^ p\{M) such that 

(3-4.14) pW)°pIM=pW)- 

Let now I C X be an ideal, and set X = X/I, Y = Y/I ■ Y. For any F : ■ 
above, one has an essentially commutative diagram: 

Desc(tf, Y/X) Desc(^, Y/X) 



V a -Alg° as 



This induces a functor 
(3.4.15) 



Desc(^, Y/X) -> Desc(tf,Y/X) x F _F y . 



Lemma 3.4.16. With the above notation, suppose moreover that the natural morphism I — > 
I ■ Y is an isomorphism. Then the functor (3.4.15) is an equivalence whenever % 'is one of the 
fibred categories Y a -Alg.Mod°, Y a -Alg.Morph°, Et°, w.Et°. 

Proof For any n > 0, denote by Y® n (resp. Y® n ) the n-fold tensor product of Y (resp. Y) with 
itself over X (resp. X), and by p n : Y® n — > Y ™ the natural morphism. First of all we claim 
that, for every n > 0, the natural diagram of almost algebras 



(3.4.17) 



Y 



Pn 



pi — 



Y 



is cartesian (where \i n and 7i n are n-fold multiplication morphisms). For this, we need to verify 
that, for every n > 0, the induced morphism Ker(p„) — > Ker(pi) (defined by multiplication 
of the first two factors) is an isomorphism. It then suffices to check that the natural morphism 
Ker(p n ) — > Ker(p n _i) is an isomorphism for all n > 1. Indeed, consider the commutative 
diagram 



/ ®x y® 



n— 1 



Ker(p n ) 




n— 1 



From /• Y = </>(Y), it follows thatp' is an epimorphism. Hence also ip is an epimorphism. Since 
i is a monomorphism, it follows that ip is also a monomorphism, hence ip is an isomorphism 
and the claim follows easily. 

We consider first the case = Y a -Alg.Mod°; we see that (3.4.17) is a diagram of the kind 
considered in (3.4.4), hence, for every n > 0, we have the associated functor ir n : Y®"-Mod — > 
Y 0n -Mod x F . Mod Y-Mod and also its right adjoint T n . Denote by p i : Y -> Y® 2 (i = 1, 2) 
the usual morphisms, and similarly define p^ : Y — > Y . Suppose there is given a de- 
scent datum (M, /3) for M, relative to X — > Y. The cocycle condition (3.4.14) implies eas- 
ily that Jf 2 0) is the identity on JI* 2 (p*(M)) = M. It follows that the pair (/3,1m) defines 
an isomorphism 7r 2 (piM) — > n 2 {p 2 M) in the category Y -Mod Xy. Mod Y-Mod. Hence 
^2 (A 1m) : T 2 o 7r 2 (piM) — > T 2 o 7r 2 (p2^) is an isomorphism. However, we remark that 
either morphism £>j yields a section for [i 2 , hence we are in the situation contemplated in lemma 
3.4.8, and we derive an isomorphism (3 : p 2 (M) A p\(M). We claim that (M,(3) is an ob- 
ject of Desc(%Y/X), i.e. that /3 verifies the cocycle condition (3.4.14). Indeed, we can 
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compute: 7r 3 (p*/) = (pMp^P), ^{ptjP)) and by construction we have p^p*/) = p?.(/3) 
and fil(p*j/3) = p 2 (P) = 1m- Therefore, the cocycle identity for f3 implies the equality 
KsiPwiP)) ° ^siPhiP)) = n 3(Pi3(P))- ^ we now a PPly m e functor T 3 to this equality, and 
then invoke again lemma 3.4.8, the required cocycle identity for (3 will ensue. Clearly (3 is 
the only descent datum on M lifting (3. This proves that (3.4.15) is essentially surjective. The 
same sort of argument also shows that the functor (3.4.15) induces bijections on morphisms, 
so the lemma follows in this case. Next, the case ^ = V^-Alg.Morph can be deduced 
formally from the previous case, by applying repeatedly natural isomorphisms of the kind 
p*(M ® Y N) ~ p*{M) ®y %y P*( N ) d = M)- Finally, the "etaleness" of an object of 
Desc(l /a -Alg.Morph°, Y/X) can be checked on its projection onto F-Alg°, hence also the 
cases ^=w.Et and f <f=Et follow directly. □ 

Now, let B = Ax x A 2 ; to an objet (M,P) in Desc(\/ a -Alg.Mod°, B/A) we assign an 
object (Mi,M 2 ,0 of JC X Kji 3 Ji 2 , as follows. Set M; = A { ® B M (i = 1,2) and = 
Ai <S>a Aj. We can write B <S>a B = Y\ 2 ij=i an ^ P gives rise to the A^-linear isomorphisms 
Pij : Aij ®b®a bP2W ~* ®b®a b Pi(M). In other words, we obtain isomorphisms 
Pij : Ai <S>a Mj — > Mi ®a Aj. However, we have a natural isomorphism A i2 — A 3 (indeed, 
suppose that A\ — > A 3 is an epimorphism with kernel /; then I is also an ideal of A and 
A /I ~ A 2 ; now the claim follows by remarking that I ■ A\ — I). Hence we can choose 
£ = P12. In this way we obtain a functor : 

(3.4.18) Desc(\/ a -Alg.Mod°, B/A ) -> {JC X x ^ JZ 2 )°. 

Proposition 3.4.19. The functor (3.4.18) is an equivalence of categories. 

Proof. Let us say that A 1 — > A 3 is an epimorphism with kernel /. Then I is also an ideal 
of B and we have B/I ~ A 3 x A 2 and A /I ~ A 2 . We intend to apply lemma 3.4.16 
to the morphism A — > B. However, the induced morphism B = B/I — > A = A /I in 
\/ a -Alg° has a section, and hence it is of universal effective descent for every fibred category. 
Thus, we can replace in (3.4.15) the category Desc(\/ a -Alg.Mod°, B/A ) by A -Mod°, and 
thereby, identify (up to equivalence) the target of (3.4.15) with the 2-fibred product (Ji\ x 
x (.,# 3 x..# 2 )° -^2- The latter is equivalent to the category Jf x x^ ^ and the resulting 
functor Desc(\/ a -Alg.Mod°, B/A ) — > ^ x^ ^ is canonically isomorphic to (3.4.18), 
which gives the claim. □ 

Putting together propositions 3.4.11 and 3.4.19 we obtain the following : 

Corollary 3.4.20. In the situation of (3.4.4), the morphism A — > A 1 x A 2 is of effective descent 
for the fibred categories of flat almost modules and of almost projective almost modules. □ 

Next we would like to give sufficient conditions to ensure that a morphism of almost algebras 
is of effective descent for the fibred category w.Et — > V a -Alg of weakly etale algebras (resp. 
for etale algebras). To this aim we are led to the following : 

Definition 3.4.21. A morphism : A — > B of almost algebras is said to be strictly finite if 
Ker(0) is nilpotent and B ~ R a , where R is a finite A^-algebra. 

Theorem 3.4.22. Le? (p : A ^ B be a strictly finite morphism of almost algebras. Then : 

i) For every A-algebra C, the induced morphism C — > C <S>a B is again strictly finite. 

ii) If M is a flat A-module and B ®a M is almost projective over B, then M is almost 
projective over A. 

Hi) A — > B is of universal effective descent for the fibred categories of weakly etale (resp. 
etale) almost algebras. 
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Proof, (i): suppose that B = R a for a finite A*-algebra R; then S = (gu, R is a finite C*- 
algebra and S a ~ C. It remains to show that Ker(C — > C <S>a B) is nilpotent. Suppose that R 
is generated by n elements as an A*-module and let Fa, (R) (resp. F c , (S)) be the Fitting ideal 
of i?(resp.of S); we have Ann a (S) n c F C .(S) C Ann a (S) (see [15] (Chap.XIX Prop.2.5)); 
on the other hand F c „ (S) = F A , (R) ■ C*, so the claim is clear. 

(iii): we shall consider the fibred category F : w.Et — > \/ a -Alg°; the same argument 
applies also to etale almost algebras. We begin by establishing a very special case : 

Claim 3.4.23. Assertion (iii) holds when B = (A/Ii) x (A/I 2 ), where I± and I 2 are ideals in 
A such that I x fl I 2 is nilpotent. 

Proof of the claim: First of all we remark that the situation considered in the claim is stable 
under arbitrary base change, therefore it suffices to show that is of F-2-descent in this case. 
Then we factor as a composition A — > A/Ker(0) — > 5 and we remark that A — > A/Ker(0) is 
of F-2-descent by theorem 3.3.12; since a composition of morphisms of F-2-descent is again 
of F-2-descent, we are reduced to show that A/Ker(0) — > 5 is of F-2-descent, i.e. we can 
assume that Ker(0) ~ 0. However, in this case the claim follows easily from corollary 3.4.20. 

Claim 3.4.24. More generally, assertion (iii) holds when B = n"=i A/h, where Ji, J n are 
ideals of A, such that P|" =1 1 { is nilpotent. 

Proof of the claim: We prove this by induction on n, the case n = 2 being covered by claim 
3.4.23. Therefore, suppose that n > 2, and set B' = A/ (H^i 1 -(?)• By induction, the morphism 
5' — > ^-/^i i s °f universal F-2-descent. However, according to [9] (Chap.II Prop. 1.1. 3), 
the sieves of universal F-2-descent form a topology on V^-Alg ; for this topology, {A, B} is a 
covering family of Ax B and (A — > 5' x (A/I n ))° is a covering morphism, hence {-B', A/I n } 
is a covering family of A, and then, by composition of covering families, {n^i 1 A/Ii, A/I n } 
is a covering family of A, which is equivalent to the claim. 

Now, let A — > B be a general strictly finite morphism, so that B = R a for some fi- 
nite ^-algebra R. Pick generators fi,...,f m of the A*-module R, and monic polynomials 
p 1 (X),...,p m (X) such that ^ (/j) = Ofori = l,...,m. 

Claim 3.4.25. There exists a finite and faithfully flat extension C of A* such that the images in 
C[X\ of pi(X),...,p m (X) split as products of monic linear factors. 

Proof of the claim: This extension C can be obtained as follows. It suffices to find, for each 
% — 1, m, an extension Cj that splits Pi(X), because then C — C\ ®a» ■■■ ®a» C rn will split 
them all, so we can assume that m — 1 and pi(X) = p(X); moreover, by induction on the 
degree of p(X), it suffices to find an extension C such that p(X) factors in C'[X] as a product 
of the form p(X) = (X — a) ■ q(X), where q(X) is a monic polynomial of degree deg(p) — 1. 
Clearly we can take C = A,[T]/ (p(T)). 

Given a C as in claim 3.4.25, we remark that the morphism A — > C a is of universal F-2- 
descent. Considering again the topology of universal F-2-descent, it follows that A — > 5 is of 
universal F-2-descent if and only if the same holds for the induced morphism C a — > C a ®a B. 
Therefore, in proving assertion (iii) we can replace by lc <E> a 4> an d assume from start that 
the polynomials Pi(X) factor in as product of linear factors. Now, let deg(pj) = di and 

Pi(X) = Ylf(X — otij) (for i — 1, m). We get a surjective homomorphism of A*-algebras 
D = Ai t [X 1 ,...,X m \/(p 1 (X 1 ),...,p m (X m )) -> i? by the rule X< i-> /, (i = l,...,m). Moreover, 
any sequence a = (cti,^, oi2,j 2 , a m ,j m ) yields a homomorphism : .D ^ A*, determined 
by the assignment X^ 1— > a:^. A simple combinatorial argument shows that Ker(^) = 0, 
where a runs over all the sequences as above. Hence the product map Y[ a i>a'-D^ Yl a ^* nas 
nilpotent kernel. We notice that the A*-algebra ([\ a ^*) ®z> B i s a quotient of n a hence it 
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can be written as a product of rings of the form A*/Ig, for various ideals /„. By (i), the kernel 
of the induced homomorphism R — > f| A* /la is nilpotent, hence the same holds for the kernel 
of the composition A — > f| A/1%, which is therefore of the kind considered in claim 3.4.24. 
Hence A — > f| A/i^ is of universal F-2-descent. Since such morphisms form a topology, it 
follows that also A — > _B is of universal F-2-descent, which concludes the proof of (iii). 

Finally, let M be as in (ii) and pick again C as in the proof of claim 3.4.25. By remark 
3.3.17(iv), M is almost projective over A if and only if C a ® A M is almost projective over C a ; 
hence we can replace <\> by \c a ®a 4>> an d by arguing as in the proof of (iii), we can assume 
from start that B = Yl™ = i(A/Ij) for ideals Ij C A, j = 1, ...,n such that I = f]j=i h * s 
nilpotent. By an easy induction, we can furthermore reduce to the case n — 2. We factor as 
A — > A/ 1 — > -B; by proposition 3.4.11 it follows that (A/ 1) ® A M is almost projective over 
A/ 1, and then lemma 3.3.16(i) says that M itself is almost projective. □ 

Remark 3.4.26. It is natural to ask whether theorem 3.4.22 holds if we replace everywhere 
"strictly finite" by "finite with nilpotent kernel" (or even by "almost finite with nilpotent ker- 
nel"). We do not know the answer to this question. 

We conclude with a digression to explain the relationship between our results and related 
facts that can be extracted from the literature. So, we now place ourselves in the "classical 
limit" V = m (cp. example 2.1.1 (ii)). In this case, weakly etale morphisms had already been 
considered in some earlier work, and they were called "absolutely flat" morphisms. A ring 
homomorphism A — > B is etale in the usual sense of [10] if and only if it is absolutely flat and 

* O 

of finite presentation. Let us denote by u.Et the fibred category over V-Alg°, whose fibre 
over a V-algebra A is the opposite of the category of etale A-algebras in the usual sense. We 
claim that, if a morphism A — > B of V-algebras is of universal effective descent for the fibred 
category w.Et (resp. Et ), then it is a morphism of universal effective descent for u.Et . 
Indeed, let C be an etale A-algebra (in the sense of definition 3.1.1) and such that C A B is 
etale over B in the usual sense. We have to show that C is etale in the usual sense, i.e. that it is 
of finite presentation over A. This amounts to showing that, for every filtered inductive system 
(^a)aga of A-algebras, we have colimHom j4 . Alg (C, A x ) ~ Hom j4 . Alg (C, colim A x ). Since, by 

assumption, this is known after extending scalars to B and to B ® A B, it suffices to show that, 
for any A-algebra D, the natural sequence 

HoiTU-Aig(C, D) ^ Hom B . A ig(CB, D B ) =^ Hom B ® A B-A\ s (C B ® A B, D b<2)aB ) 

is exact. For this, note that Hom yl . Alg (C, D) = Hom D _ Ais (C D , D) (and similarly for the other 
terms) and by hypothesis (D — > D ® A B)° is a morphism of 1-descent for the fibred category 
w.Et° (resp. Et°). 

As a consequence of these observations and of theorem 3.4.22, we see that any finite ring 
homomorphism : A — > B with nilpotent kernel is of universal effective descent for the fibred 
category of etale algebras. This fact was known as follows. By [10] (Exp.IX, 4.7), Spec(0) is 
of universal effective descent for the fibred category of separated etale morphisms of finite type. 
One has to show that if X is such a scheme over A, such that X ® A B is affine, then X is affine. 
This follows by reduction to the noetherian case and [5] (Chap.II, 6.7.1). 

3.5. Behaviour of etale morphisms under Frobenius. We consider the following category 38 
of base rings. The objects of 38 are the pairs (V, m), where V is a ring and m is an ideal of V 
with m = m 2 and m is flat. The morphisms (V, my) — > (W, mw) between two objects of 38 are 
the ring homomorphisms / : V — > W such that mw = /(niy) ' W / - 

We have a fibred and cofibred category ^-Mod — > 3§ (see [10] (Exp. VI §5,6,10) for gener- 
alities on fibred categories). An object of ^-Mod (which we may call a "^-module") consists 
of a pair ((V, m), M), where (V, m) is an object of 38 and M is a V'-module. Given two objects 
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X — ((V, my), M) and Y = ((W, mw), N), the morphisms X — > Y are the pairs (/, <?), where 
/ : (V, my) — > (W, rmy) is a morphism in ^ and g : M — > N is an /-linear map. 

Similarly one has a fibred and cofibred category 38-A\g — > 38 of ^-algebras. We will also 
need to consider the fibred and cofibred category ,^-Mon — > ^ of non-unitary commutative 
,^-monoids: an object of J-Mon is a pair ((V, m), A) where A is a V-module endowed with 
a morphism A ®y A — > A subject to associativity and commutativity conditions, as discussed 
in section 2.2. The fibre over an object (V, m) of 38, is the category of V-monoids denoted 
(V, m)-Mon or simply V-Mon. 

The almost isomorphisms in the fibres of ^-Mod — > ^ give a multiplicative system S 
in ^-Mod, admitting a calculus of both left and right fractions. The "locally small" con- 
ditions are satisfied (see [22] p. 381), so that one can form the localised category ,^ a -Mod = 
(^-Mod) . The fibres of the localised category over the objects of 38 are the previously con- 
sidered categories of almost modules. Similar considerations hold for 38-Alg and 38-M.on, and 
we get the fibred and cofibred categories ,^ a -Mod — > 38, 38 a -Alg — > 38 and #-Mon — > ^. 
In particular, for every object (V, m) of 38, we have an obvious notion of almost V^-monoid and 
the category consisting of these is denoted V a -Mon. The localisation functors 

^-Mod -> 38 a -Mod : M h-> M a ^-Alg -> #°-Alg : B ^ B a 

have left and right adjoints. These adjoints can be chosen as functors of categories over ^ 
such that the adjunction units and counits are morphisms over identity arrows in 38. On the fibres 
these induce the previously considered left and right adjoints M i— > M\, M i— ► M*, B i— > fin, 
B i-> 5 t . We will use the same notation for the corresponding functors on the larger categories. 
Then it is easy to check that the functor M \— > M is cartesian and cocartesian (z'.e. it sends 
cartesian arrows to cartesian arrows and cocartesian arrows to cocartesian arrows), M h- > M* 
and £? i— > are cartesian, and £? i— > Bu is cocartesian. 

Let ^/F p be the full subcategory of 38 consisting of all objects (V, m) where V is an F p - 
algebra. Define similarly 38-A\g/¥ p , «-Mon/F p and ^°-Alg/F p , ,^ a -Mon/F p , so that we 
have again fibred and cofibred categories ^ a -Alg/F p — > ^?/F p and J^-Alg/Fp — >■ ^/F p (resp. 
the same for non-unitary monoids). We remark that the categories 38 a -Alg/¥ p and ^ a -Mon/F p 
have small limits and colimits, and these are preserved by the projection to 38 /¥ p . Especially, if 
A — > B and A — > C are two morphisms in ^ a -Alg/F p or ,^ a -Mon/F p , we can define B <S>a C 
as such a colimit. 

If A is a (unitary or non-unitary) ,^-monoid over F p , we denote by 4>a ■ A — > A the Frobe- 
nius endomorphism x i— > x p . If (V,m) is an object of 38 /¥ p , it follows from proposition 
2.1.5(ii) that <p v : (V,m) — > (V,m) is a morphism in ^. If _B is an object of ^-Alg/F p 
(resp. ,^-Mon/Fp) over V, then the Frobenius map induces a morphism <f) B : B — > £> in 
,^-Alg/Fp (resp. ^-Mon/F p ) over </y. In this way we get a natural transformation from the 
identity functor of ^-Alg/F p (resp. ^-Mon/Fp) to itself that induces a natural transformation 
on the identity functor of 38 a -Alg/¥ p (resp. ,% a -Mon/F p ). 

Using the pull-back functors, any object B of 38-Alg over V defines new objects B( m ) of 
38- Alg (m G N) over V", where £?( m ) = (0™) *(£?), which is just B considered as a V-algebra 

via the homomorphism V" — > V — > £>. These operations also induce functors £> i— > 5( m ) on 
almost .^-algebras. 

Definition 3.5.1. i) Let (V, m) be an object of 38 /F p ; we say that a morphism / : A — > S of 
almost V-algebras (resp. almost V^-monoids) is invertible up to <p m if there exists a morphism 
f : B —> A'm S^-A\g (resp. #-Mon) over y \ such that /' o / = 0™ and / o /' = 

ii) We say that an almost V-monoid I (e.g. an ideal in a \/ a -algebra) is Frobenius nilpotent if 
0/ is nilpotent. 

Notice that a morphism / of V^-Alg (or V a -Mon) is invertible up to m if and only if 
/* : A* — > is so as a morphism of F p -algebras. 
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Lemma 3.5.2. Let (V, m) be an object of^/W p and let f : A — > B, g : B — > C £e morphisms 
of almost V -algebras or almost V -monoids. 

i) If f is invertible up to <p n and g is invertible up to <p m , then g o f is invertible up to <p m+n . 

ii) If f is invertible up to <p n and g o / is invertible up to (fi m , then g is invertible up to <p m+n . 
Hi) If g is invertible up to <p n and g o f is invertible up to <p m , then f is invertible up to (f> m+n . 

iv) The Frobenius morphisms induce <f)y -linear morphisms (i.e. morphisms in J? a -Mod over 
4>v) 4>' '■ Ker(/) — > Ker(/) and 4>" : Coker(/) — > Coker(/), and f is invertible up to some 
power of (ft if and only if both <p' and <f>" are nilpotent. 

v) Consider a map of short exact sequences of almost V -monoids : 

A' A A" >• 



/' 



/ 



/" 



B' B >■ B" »- 

and suppose that two of the morphisms f, f, f" are invertible up to a power of (p. Then also the 
third morphism has this property. 

Proof, (i): if /' is an inverse of / up to n and g' is an inverse of g up to <p m , then /' o g' is an 
inverse of g o f up to (p m+n . (ii): given an inverse /' of / up to <f) n and an inverse h'ofh — gof 
up to <f) m , let g' = (f)]j o / o hi . We compute : 

g°g' = g°<f>B f°ti = ( Pc 9 f h = (f)cO(f)™ 

g' ° g = <P n B ° f ° h ' ° 3 = f ° h ' ° 3 ° <P n B = f ° h ' ° 3 ° f ° f' 

(iii) is similar and (iv) is an easy diagram chasing left to the reader, (v) follows from (iv) and 
the snake lemma. □ 

Lemma 3.5.3. Let (V, m) be an object of£8/W p . 

(i) If f : A — > B is a morphism of almost V -algebras, invertible up to <p n , then so is A' — > 
A' <S>a B for every morphism A^> A' of almost algebras. 

(ii) If f : (V,mv) — > (W, m^) is a morphism in S3 '/F p , the functors /* : (V, m.y) a -Alg — > 
(W, m^) a -Alg and f* : (W, mvr) a -Alg — > (V,my) a -Alg preserve the class of morphisms 
invertible up to <p n . 

Proof, (i): given /' : B — > A( m ), construct a morphism A' ® A B — > AC n using the morphism 
A' — > A! > coming from 0™, and /'. (ii): the assertion for /* is clear, and the assertion for /* 
follows from (i). □ 

Remark 3.5.4. Statements like those of lemma 3.5.3 hold for the classes of flat, (weakly) un- 
ramified, (weakly) etale morphisms. 

Theorem 3.5.5. Let (V, m) be an object of£§/¥ p and f : A — > B a weakly etale morphism of 
almost V -algebras. 

(i) If f is invertible up to 0™ (n > 0), then it is an isomorphism. 

( ii) For every integer m > the natural square diagram 

A — *B 

(3.5.6) tt ' 



. /(m) p 

A {m) -D(m) 



?5 cocartesian. 



44 



OFER GABBER AND LORENZO RAMERO 



Proof, (i): we first show that / is faithfully flat. Since / is flat, it remains to show that if M 
is an A-module such that M ® A B = 0, then M = 0. It suffice to do this for M — A/I, for 
an arbitrary ideal I of A. After base change by A — > A/ 1, we reduce to show that B = 
implies A = 0. However, A* — > 5* is invertible up to n , so 0^ = which means A* = 0. In 
particular, / is a monomorphism, hence the proof is complete in case that / is an epimorphism. 

In general, consider the composition B B ®a B ^> B. From lemma 3.5. 3(i) it follows 
that l B <E> / is invertible up to 0"; then lemma 3.5.2(H) says that /ib/a is invertible up to 0™. The 
latter is also weakly etale; by the foregoing we derive that it is an isomorphism. Consequently 
1b ® f is an isomorphism, and finally, by faithful flatness, / itself is an isomorphism. 

(ii): the morphisms 0™ and 0^ are invertible up to m . By lemma 3.5. 3(i) it follows that 
1b ® 4>a '■ B — > B ® A A( m ) is invertible up to m ; hence, by lemma 3.5.2(H), the morphism 
h : B ®a Ai m \ — > B/ m \ induced by 0^ and f< m \ is invertible up to 2m (in fact one verifies that 
it is invertible up to m ). But h is a morphism of weakly etale A ( m ) -algebras, so it is weakly 
etale, so it is an isomorphism by (i). □ 

Remark 3.5.7. Theorem 3.5.5(H) extends a statement of Faltings ([6] p. 10) for his notion of 
almost etale extensions. 

We recall (cp. [9] (Chap.0, 3.5)) that a morphism / : X — > Y of objects in a site is called 
bicovering if the induced map of associated sheaves of sets is an isomorphism; if / is squarable 
("quarrable" in French), this is equivalent to the condition that both / and the diagonal mor- 
phism X — > X Xy X are covering morphisms. 

Let F — > E be a fibered category and / : P — > Q a squarable morphism of i?. Consider the 
following condition: 

(3 5 8) ever y ^ ase cnan S e P x qQ' ~* Q' °f /' the inverse image functor Fq> — > F Pxq q> 
is an equivalence of categories. 

Inspecting the arguments in [9] (Chap.II,§l.l) one can show: 

Lemma 3.5.9. With the above notation, let r be the topology of universal effective descent 
relative to F — > E. Then we have : 

i) if (3.5.8) holds, then f is a covering morphism for the topology t; 

ii) f is bicovering for r if and only if (3.5.8) holds both for f and for the diagonal morphism 
I' -I'xol'- 

Remark 3.5.10. In [9] (Chap.II, 1.1.3(iv)) it is stated that "la reciproque est vraie si % — 2", 
meaning that (3.5.8) is equivalent to the condition that / is bicovering for r. (Actually the cited 
statement is given in terms of presheaves, but one can show that (3.5.8) is equivalent to the 
corresponding condition for the fibered category F + — > E v considered in op.cit.) However, 
this fails in general : as a counterexample we can give the following. Let E be the category of 
schemes of finite type over a field k; set P = A\, Q = Spec(A;). Finally let F — > E be the 
discretely fibered category defined by the presheaf X i— > H°(X,Z). Then it is easy to show 
that / satisfies (3.5.8) but the diagonal map does not, so / is not bicovering. The mistake in the 
proof is in [9] (Chap.II, 1.1.3.5), where one knows that F + (d) is an equivalence of categories 
(notation of loc.cit.) but one needs it also after base changes of d. 

Lemma 3.5.11. (i) If f : A — > B is a morphism of V a -algebras which is invertible up to <p m , 
then the induced functors Et(A) — > Et(_B) and w.Et(A) — > w.Et(B) are equivalences of 
categories. 

ii) If A — > B is weakly etale and C — > D is a morphism of A-algebras invertible up to <p m , 
then the induced map Hom J 4_Ai g (-B, C) — > Hom J 4_Aig(-B, D) is bijective. 

Proof. We first consider (i) for the special case where / = 0™ : A — > Ai m y The functor 
{4>vY '■ V a -Alg — > V a -A\g induces a functor (— )( m ) : A-Alg — > A( m )-Alg, and by restriction 
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(see remark 3.5.3) we obtain a functor (— )( m ) : Et(A) — > Et(A( m )); by theorem 3.5.5(ii), the 
latter is isomorphic to the functor (0 m )* : Et(A) — > Et(A( m )) of the lemma. Furthermore, 
from remark 2.1.3(ii) and (2.2.2) we derive a natural ring isomorphism cu : A( m y ~ A*, hence 
an essentially commutative diagram 

Et(A) A-Alg (A, m • A) a -Alg 



«> m )« 



(-)(m) 



Et(A (m) ) A (m) -Alg -A*. (A (m) *, m • A (m) *) a -Alg 

where a and /5 are the equivalences of remark 2.2.3. Clearly a and (3 restrict to equivalences on 
the corresponding categories of etale algebras, hence the lemma follows in this case. 

For the general case of (i), let /' : B — > be a morphism as in definition 3.5.1. Diagram 
(3.5.6) induces an essentially commutative diagram of the corresponding categories of algebras, 
so by the previous case, the functor (/')„, : Et(£>) — > Et(A( m )) has both a left essential inverse 
and a right essential inverse; these essential inverses must be isomorphic, so /* has an essential 
inverse as desired. Finally, we remark that the map in (ii) is the same as the map Hom c -. Alg (_B® J 4 
C, C) — > Hom Z ). Alg (_B ® A D, D), and the latter is a bijection in view of (i). □ 

Remark 3.5.12. Notice that lemma 3.5.11(ii) generalises the lifting theorem 3.3. 12(i) (in case 
V is an F p -algebra). Similarly, it follows from lemmata 3.5.11(i) and 3.5.2(iv) that, in case V 
is an Fp-algebra, one can replace "nilpotent" in theorem 3.3.12 parts (ii) and (iii) by "Frobenius 
nilpotent". 

In the following r will denote indifferently the topology of universal effective descent defined 
by either of the fibered categories w.Et — > V a -A\g° or Et — > V a -A\g°. 

Proposition 3.5.13. If f : A — > B is a morphism of almost V -algebras which is invertible up 
to 4> m , then f° is bicovering for the topology r. 

Proof In light of lemmata 3.5.9(ii) and 3.5.11 (i), it suffices to show that (j,b/a is invertible up 

to a power of 0. For this, factor the identity morphism of B as B B 0a B B and 
argue as in the proof of theorem 3.5.5. □ 

Proposition 3.5.14. Let A — > B be a morphism of almost V -algebras and I C A an ideal. Set 
A = A/I and B = B /I ■ B. Suppose that either 

a) I — > I ■ B is an epimorphism with nilpotent kernel, or 

b) V is an ¥ p -algebra and I — > I ■ B is invertible up to a power of '(f). 
Then we have : 

i) conditions (a) and (b) are stable under any base change A^> C. 

ii) (A — > B)° is covering (resp. bicovering) for r if and only if (A — > B)° is. 

Proof. Suppose first that I — > I ■ B is an isomorphism; in this case we claim that I ■ C — > 
I ■ (C ®a B) is an epimorphism and Ker(J ■ C — > / • (C ®a B)) 2 = for any A-algebra C. 
Indeed, since by assumption I ~ I ■ B, C ®a B acts on C ®a I, hence Ker(C — > C ®a B) 
annihilates C (£u /, hence annihilates its image / • C, whence the claim. If, moreover, V is an 
Fp-algebra, lemma 3.5.2(iv) implies that I ■ C — > I • (C 0a B) is invertible up to a power of 4>. 

In the general case, consider the intermediate almost V-algebra A\ = Ax^B equipped with 
the ideal Ii = x-g- (I ■ B). In case (a), Ii — I ■ A x and A — > A 1 is an epimorphism with 
nilpotent kernel, hence it remains such after any base change A — > C. To prove (i) in case (a), it 
suffices then to consider the morphism A\ — > B, hence we can assume from start that I — > 7 • 
is an isomorphism, which is the case already dealt with. To prove (i) in case (b), it suffices to 
consider the cases of (A, I) — > (A 1: fx) and (A 1: Ii) — > (B, I ■ B). The second case is treated 
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above. In the first case, we do not necessarily have I± — I ■ A 1 and the assertion to be checked 
is that, for every A-algebra C, the morphism I ■ C — > h ■ (Ai ®a C) is invertible up to a power 
of 0. We apply lemma 3.5.2(v) to the commutative diagram with exact rows: 

/ A A/ 1 

/ ■ B > Ai > A/I 

to deduce that A — > A\ is invertible up to some power of 0, hence so is C — > A\ ® A C, which 
implies the assertion. 

As for (ii), we remark that the "only if" part is trivial; and we assume therefore that (A — > B)° 
is T-covering (resp. r -bicovering). Consider first the assertion for "covering". We need to show 
that (A — > B)° is of universal effective descent for F, where F is either one of our two fibered 
categories. In light of (i), this is reduced to the assertion that (A — > B)° is of effective descent 
for F. We notice that (A — > Ai)° is bicovering for r (in case (a) by theorem 3.3.12 and 
lemma 3.5.9(ii), in case (b) by proposition 3.5.13). As (A — > Ai/Ii)° is an isomorphism, the 
assertion is reduced to the case where I — > I ■ B is an isomorphism. In this case, by lemma 
3.4.16, there is a natural equivalence: Desc(F, B/A) Desc(F, B / A) x F _ Fb- Then the 
assertion follows easily from corollary 3.4.13. Finally suppose that (A — > B)° is bicovering. 
The foregoing already says that (A — > B)° is covering, so it remains to show that (B ® A B — > 
B)° is also covering. The above argument again reduces to the case where I — > I ■ B is an 
isomorphism. Then, as in the proof of lemma 3. 4. 16, the induced morphism/- (B®aB) — > 
is an isomorphism as well. Thus the assertion for "bicovering" is reduced to the assertion for 
"covering". □ 

4. Appendix 

4.1. In this appendix we have gathered a few miscellaneous results that were found in the 
course of our investigation, and which may be useful for other applications. 

We need some preliminaries on simplicial objects : first of all, a simplicial almost algebra 
is just an object in the category s.(V a -Alg). Then for a given simplicial almost algebra A 
we have the category A-Mod of A-modules : it consists of all simplicial almost ^-modules 
M such that M[n] is an A [n] -module and such that the face and degeneracy morphisms d, L : 
M[n] -> M[n - 1] and s t : M[n] -> M[n + 1] (i = 0, 1, ...,n) are A [n] -linear. We will need 
also the derived category of A-modules; it is defined as follows. 

A bit more generally, let "if be any abelian category. For an object X of s.^let N(X) be 
the normalized chain complex (defined as in [14] (1.1.3)). By the theorem of Dold-Kan ([22] 
th. 8.4.1) X i— > N(X) induces an equivalence N : s.'g — > C,(%). Now we say that a morphism 
X — > Y in s.^is a quasi-isomorphism if the induced morphism N(X) — > iV(F) is a quasi- 
isomorphism of chain complexes. 

In the following we fix a simplicial almost algebra A. 

Definition 4.1.1. We say that A is exact if the almost algebras A[n\ are exact for all n E N. 
A morphism : M — > of A-modules (or A-algebras) is a quasi-isomorphism if the mor- 
phism of underlying simplicial almost V-modules is a quasi-isomorphism. We define the 
category D 9 (A) (resp. the category D.(A-Alg)) as the localization of the category A-Mod 
(resp. A- Alg) with respect to the class of quasi-isomorphisms. 

As usual, the morphisms in D,(A) can be computed via a calculus of fraction on the category 
Hot. (A) of simplicial complexes up to homotopy. Moreover, if A-y and A 2 are two simplicial 
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almost algebras, then the "extension of scalars" functors define equivalences of categories 

D.(Ax x A 2 ) D.(A0 x D.(A 2 ) 

D.(Ax x A 2 -Alg) D.^-Alg) x D.(A 2 -Alg). 

Proposition 4.1.2. (i) The functor on A-algebras given by B i— > (s.V a x £)n preserves quasi- 
isomorphisms and therefore induces a functor D.(A-Alg) — > D.((s.l /a x A)n-Alg). 

(ii) 77ie localisation functor R \— > R a followed by "extension of scalars" via s.V a x A ^ A 
induces a functor D,((s.V a x A)n-Alg) — > D.(A-Alg) and ?/ze composition of this and the 
above functor is naturally isomorphic to the identity functor on D.(A-Alg). 

Proof, (i) : let B — > C be a quasi-isomorphism of A-algebras. Clearly the induced moronism 
s.V a x 73 — ► s.V a x C is still a quasi-isomorphism of V-algebras. But by remark 2.2.13, 
s.\/ a x B and s.V a x C are exact simplicial almost V-algebras; moreover, it follows from 
corollary 2.2. 10 that (s.V a x B)j — > (s.V a x C)i is a quasi-isomorphism of ^-modules. Then 
the claim follows easily from the exactness of the sequence (2.2. 11). Now (ii) is clear. □ 

Remark 4.1.3. In case m is flat, then all A-algebras are exact, and the same argument shows 
that the functor B i— > Bu induces a functor D.(A-Alg) — > D.(An-Alg). In this case, composi- 
tion with localisation is naturally isomorphic to the identity functor on D.(A-Alg). 

Proposition 4.1.4. Let f : R ^ S be a map of V -algebras such that f a : R a — > S a is an 
isomorphism. Then — in D,(s.S' a ). 

Proof. We show by induction on q that 

\AN(.q;S/K) H q (h a s/R ) = 0. 

For g = the claim follows immediately from [14] (II. 1.2. 4. 2). Therefore suppose that q > 
and that VAN(j; D/C) is known for all almost isomorphisms of V-algebras C — > -D and all 
j < g. Let i? = /(-R). Then by transitivity ([14] (II. 2. 1.2)) we have a distinguished triangle in 
D.U.S") 

(5 ®^ L^)° -JU L| /fl -JU _ a(S ®n ^r/rT- 

We deduce that VAN(g; R/R) and VAN(g; S/R) imply VAN(g; 5/7?), thus we can assume that 
/ is either injective or surjective. Let S. — > 5 be the simplicial V-algebra augmented over 
S defined by S. = Pv(S). It is a simplicial resolution of S by free V-algebras, in particular 
the augmentation is a quasi-isomorphism of simplicial V-algebras. Set R, = S, x s R. This 
is a simplicial V-algebra augmented over R via a quasi-isomorphism. Moreover, the induced 
morphisms R[n] a — > S'fn]' 1 are isomorphisms. By [14] (II. 1.2. 6. 2) there is a quasi-isomorphism 
h s / R ~ y^. On the other hand we have a spectral sequence 

E ij = H 3 ( L S[i] /R[i] ) =>• ( L S./R.)- 

It follows easily that VAN(j; S[i]/R[i]) for all i > 0, j < q implies VAN(g; S/R). Therefore 
we are reduced to the case where S is a free V-algebra and / is either injective or surjective. 
We examine separately these two cases. If / : it! — > V [T] is surjective, then we can find a right 
inverse s : V[T] — > i? for /. By applying transitivity to the sequence V[T] — > R — > V[T] we 
get a distinguished triangle 

Since L^j T ^ y j T j ~ there follows an isomorphism : H q {L v \ iT y R ) a ~ ii 9 _ 1 (l / [T] ®r'Lr/v[t]) c1 - 
Furthermore, since f a is an isomorphism, s a is an isomorphism as well, hence by induction (and 
by a spectral sequence of the type [14] (1.3.3.3.2)) H q -i(V[T] ® R 1 L R / V [T]) a — 0. The claim 
follows in this case. 



48 



OFER GABBER AND LORENZO RAMERO 



Finally suppose that / : R — > V[T] is injective. Write V[T] = Sym(F), for a free V-module 
F and set F = m ®y F; since f a is an isomorphism, Im(Sym(F) — > Sym(F)) C P. We apply 
transitivity to the sequence Sym(F) — > F — > Sym(F). By arguing as above we are reduced to 
showing that L a , w ~ ~ 0. We know that HniU 1 , w ~ J ~ and we will show that 

° Sym(F)/Sym(F) uv Sym(F)/Sym(F) 7 

^(^syjjj/^wsyjjj/m) — for g > 0. To this purpose we apply transitivity to the sequence V — > 
Sym(F) -> Sym(F). As F and F are flat V-modules, [14] (H. 1.2.4.4) yields H q (L Sym{F)/v ) ~ 
^?(^Sym(Fw) ~ for g > and #o(L Sym /pw y ) is a flat Sym(F)-module. In particular 
Hj(Sym{F) ® Sym(i?) L Sym(i?)/y ) ~ for all j > 0. Consequently P,+i(L Sym(F)/Sym(i?) ) ~ for 
all j > and Fi(L Sym(F)/Sym(i?) ) ~ Ker(Sym(F) ® Sym(i?) fi Sy m(F)/y ~* ^Sym(F)/v). The latter 
module is easily seen to be almost zero. □ 

Theorem 4.1.5. Let (f> : R ^ S be a map of simplicial V -algebras inducing an isomorphism 
R a ^ S a in D.(R a ). Then (Lf /i? ) a ~ in D.(S a ). 

Proof. Apply the base change theorem ([14] II.2.2.1) to the (flat) projections of s.V x R onto 
R and respectively s.V to deduce that the natural map ^f VxS / s vxr ~^ ^s/p ® ^tv/s v ~^ 
^s/ R is a quasi-isomorphism in D,(s.V x S). By proposition 4.1.2 the induced morphism 
(s.V x R)f, — > (s.V x S)u is still a quasi-isomorphism. There are spectral sequences 

E ij = #j(L(Vxfl[i])/(Vxfl[»|)fi) =>• ^+j( L $.yxil)/( s .yxR)R) 

FA = iO( L (vxS[i])/(vxS[i])a) =>• H i+j( L ts.vxs)/( s .vxs)f)- 
On the other hand, by proposition 4.1.4 we have ^f Vxm/{VxRm ^ ~ L^ xS[i] y (VxSW)i , 
for all i e N. Then the theorem follows directly from [14] (11.1.2.6.2(b)) and transitivity. □ 

Proposition 4.1.6. Let A ^ B be a morphism of exact almost V -algebras. Then the natural 
map m ®y ~h R u/Au — » ^>b u /a u is a quasi-isomorphism. 

Proof. By transitivity we may assume A = V a . Let P. = Py(Bu) be the standard resolution of 
B\\ (see [14] ELI. 2.1). Each P[n] a contains V as a direct summand, hence it is exact, so that we 
have an exact sequence of simplicial ^-modules — > s.m — > s.V © (P?)\ — > (P. a )n — > 0. The 
augmentation (P*)i — > (Fm)i — B| is a quasi-isomorphism and we deduce that (P. a )i! — > Pn 
is a quasi-isomorphism; hence (P^)n — > F. is a quasi-isomorphism as well. We have P[n] — 
Sym(F n ) for a free V-module F n and the map (P[n] a )\\ — > P[ra] is identified with Sym(m ®y 
F n ) — > Sym(F n ), whence f2p[ n ]«/y ®p[„]« P[n] — > fip[ n ]/v is identified with fn ®y f2p[„]/y — > 
fip[„]/y. By [14] (II. 1.2. 6. 2) the map , y — > Lp^ , y is a quasi-isomorphism. In view of [14] 

(II. 1.2.4.4) we derive that fi(pa)„/y — > fip./y is a quasi-isomorphism, z'.e. m<Eyfip./y — > typ./y 
is a quasi-isomorphism. Since m is flat and Qp./v — » ^p./y <8>p. Pn = Lp,,/y is a quasi- 
isomorphism, we get the desired conclusion. □ 

In view of proposition 4.1.4 we have ^(v a xA) u /vxA„ — ® m D.(V a x A). By this, transitivity 
and localisation ([14] II.2.3.1.1) we derive that t^ a B / A — * ^Bu/Au * s a quasi-isomorphism for all 
A-algebras B. If A and P are exact (e.g. if m is flat), we conclude from proposition 4.1.6 that 
the natural map h B /A — > Lp,,/^, is a quasi-isomorphism. 

Finally we want to discuss left derived functors of (the almost version of) some notable non- 
additive functors that play a role in deformation theory. Let R be a simplicial V-algebra. Then 
we have an obvious functor G : D.(F) — > D.(F a ) obtained by applying dimension- wise the 
localisation functor. Let E be the multiplicative set of morphisms of D.(F) that induce almost 
isomorphisms on the cohomology modules. An argument as in section 2.3 shows that G induces 
an equivalence of categories £ _1 D.(Pl) — > D.(F a ). 

Now let R be a V-algebra and & v one of the functors & ', A p , Sym p , T p defined in [14] 
(1.4.2.2.6). 
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Lemma 4.1.7. Let : M N be an almost isomorphism of R-modules. Then & p (<f>) ■ 
& P (M) — > ^p(N) is an almost isomorphism. 

Proof. Let -0 : trv ®y A" — > M be the map corresponding to (0") -1 under the bijection (2.2.2). 
By inspection, the compositions o ip : m (gy N —> N and -0 o (1^ <g> 0) : m (gy M — > M 
are induced by scalar multiplication. Pick any s G m and lift it to an element s G m; define 
ip s : A" — > M by n i— > -0(s ® n) for all n G AT. Then o *0 S = s • 1 N and ip s o = s ■ 1 M - This 
easily implies that s p annihilates KerJp(0) and Coker^" p (0). In light of proposition 2.1.5(ii), 
the claim follows. □ 

Let B be an almost V-algebra. We define a functor on 5-Mod byl h (,? p (M\)) a , 
where M\ is viewed as a £>H-module or a I^-module (to show that these choices define the same 
functor it suffices to observe that B* ® B]] A" ~ A" for all ^-modules A" such that AT = m • N). 
For all p > we have diagrams : 

R-Mod ^ i?-Mod 

(4.1.8) | 

i^-Mod — ^ i? a -Mod 

where the downward arrows are localisation and the upward arrows are the functors M h- > 
Mi. Lemma 4.1.7 implies that the downward arrows in the diagram commute (up to a natural 
isomorphism) with the horizontal ones. It will follow from the following proposition 4.1.9 that 
the diagram commutes also going upward. 

For any V-module A" we have an exact sequence T 2 N — > ® 2 N — > A 2 A" — > 0. As observed in 
the proof of proposition 2.1.5, the symmetric group S 2 acts trivially on (g> 2 m and r 2 m ~ <g> 2 m, 
so A 2 m = 0. Also we have natural isomorphisms r p m ~ m for all p > 0. 

Proposition 4.1.9. Let R be a commutative ring and L aflat R-module with A 2 L = 0. Then 
for p > and for all R-modules N we have natural isomorphisms 

T P (L) ® R & P (N) ^ ^ P (L ® R N). 

Proof. Fix an element x G & P (N). For each R- algebra R! and each element I G R' ® R L we 
get a map 0/ : R' ® R N -> R' ® R L ® R N by y i-> / ® y, hence a map J^(0z) : R' ® R & P (N) ~ 
^ P (-R' ®ij AQ -> ® R L ® R N) ~ i?' ®ij <g> fl AT). For varying I we obtain a 

map of sets ^'.z : R' ® R L — > i?' ® R J^L ® R N) : I ^ & p (<f>i)(l <g> x). According to 
the terminology of [21], the system of maps -0.RV for i?' ranging over all i?-algebras forms a 
homogeneous polynomial law of degree p from L to & P (L ® R N), so it factors through the 
universal homogeneous degree p polynomial law 7 P : L — > T P (L) . The resulting i?-linear 
map ^ : T P (L) — > J^L ® R N) depends i?-linearly on x, hence we derive an i?-linear map 
ip : T P (L) ® R .^ P (N) -> & p (L® R N). Next notice that by hypothesis 5 2 acts trivially on <g> 2 L so 
S'p acts trivially on ® P L and we get an isomorphism (3 : Y P (L) ® P L. We deduce a natural 
map (® P L) ® R & P (N) — > ® R AT). Now, in order to prove the proposition for the case 

& P — ® p , it suffices to show that this last map is just the natural isomorphism that "reorders the 
factors". Indeed, let x±, x n G L and q = (q 1 , ...,q n ) G N n such that \q\ = qi = p; then 

(3 sends the generator x [ ? l] • ... • x [ n n] to ( i p J ■ xf gi ® ... ® x® 9 ". On the other hand, pick 
any y G ® P A^ and let R[T] = R[Ti, T r \ be the polynomial i?-algebra in n variables; write 
(Ti ® xi + ... + T n ® x n )® p ®y = ip R [T],y{T\ ®x 1 + ... + T n ®x n ) = E reN ™ T ' r ® w r with 
w r G ® P {L ® R N). Then ^((x [ ? l] ■ ... ■ x [ T ] ) ® y) = w q (see [21] pp.266-267) and the claim 
follows easily. Next notice that T P (L) is flat, so that tensoring with T P (L) commutes with taking 
coinvariants (resp. invariants) under the action of the symmetric group; this implies the assertion 
for ,? p = Sym p (resp. & p = TS P ). To deal with & p = A p recall that for any ^-module M and 
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p > we have the antisymmetrization operator a M = Yla&Sp s g n (°") ' ° '■ ® P M — > © P M and a 
surjection A P (M) — > Im(a M ) which is an isomorphism for M free, hence for M fiat. The result 
for = © p (and again the flatness of T P (L)) then gives T P (L) ®Im(a N ) ~ Im(a i0i{ iv) 5 hence 

d e 

the assertion for = A p and AT flat. For general N let Fl — > F — > A r — > be a presentation 
with F< free. Define j , ji : F © Fi -> F by j (^,y) = x + d(y) and = x. By 

functoriality we derive an exact sequence 

A P (F © Fi) =£ A* (F ) A P (AQ 

which reduces the assertion to the flat case. For & v = T p the same reduction argument works as 
well (cf. [21] p. 284) and for flat modules the assertion for T p follows from the corresponding 
assertion for TS P . □ 

Lemma 4.1.10. Let Abe a simplicial almost algebra, L, E and F three A-modules, f : E — > F 
a quasi-isomorphism. If L is flat or E, F are flat, then L ®a f '■ L <S>a E —> L ©^ F is a quasi- 
isomorphism. 

Proof. It is deduced directly from [14] (1.3.3.2. 1) by applying MhM. □ 

As usual, this allows one to show that © : Hot. (A) x Hot. (A) — > Hot. (A) admits a left derived 
L 

functor © : D,(A) x D,(A) — > D,(A). If R is a simplicial V-algebra then we have essentially 
commutative diagrams 

L 

D.(F) x D.(F)^-D.(F) 

L 

D.(R a ) x D.(R a ) D.(F a ) 

where again the downward (resp. upward) functors are induced by localisation (resp. byMw 
Mi). 

We mention the derived functors of the non-additive functor .^, p defined above in the simplest 
case of modules over a constant simplicial ring. Let A be a (commutative) almost algebra. 

Lemma 4.1.11. If u : X ^ Y is a quasi-isomorphism of flat s. A-modules then #%(u) : 
&p{X) — > #p(Y) is a quasi-isomorphism. 

Proof. This is deduced from [14] (1.4.2.2.1) applied to N(X\) — > N(Y) which is a quasi- 
isomorphism of chain complexes of flat An-modules. We note that loc. cit. deals with a more 
general mixed simplicial construction of which applies to bounded above complexes, but 
one can check that it reduces to the simplicial definition for complexes in ^(Au). □ 

Using the lemma one can construct LJ^ : D,(s.A) — > D,(s.A). If R is a V-algebra we have 
the derived category version of the essentially commutative squares (4.1.8), relating L^ p : 
D.(s.F) -> D.(s.R) and L,^ : D.(s.R a ) -> D.(s.F a ). 
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